we 


ALGEBRAICAL DEVELOPMENTS AMONG EGYPTIANS AND BABYLONIANS. 259 


The oldest mathematical textbook in existence is the Ahmes manual, an 
Egyptian papyrus composed in the reign of the Hiksos Kings (XVIII Dynastie; 
C. 1700 B. C., which is some 3,600 years old; the work is preserved now in 
the British museum. A German translation of the work by A. Eisenlohr appeared 
in 1877; there is some ground for the hope that an English translation taking 
advantage of the more complete present knowledge of the Egyptian language 
may soon appear. ‘The manual includes a number of problems in linear equations. 
The solution while essentially by the method of “false position” is a definite 
and scientific procedure, leading to the correct value of the root of the equation. 

One of these first-degree equations is the following: “Ahau (heap, mass, 
unknown) and its seventh, it makes 19.” An arbitrary value, 7, is assumed as 
the root and the sum is found to be 8, instead of 19 as required; to obtain 19 
from 8 the latter is doubled and multiplied by } and 4; the trial root 7 is also 
multiplied by 2} }%, giving 163 4 as the value of the unknown; substitution 
of this value in the original equation follows, as a check, in accordance with the 
common procedure in Egyptian mathematics. 

The multiplication of 8 to produce 19 reads, 


8 1 
16 2’ 
4 
2} 
1} 


meaning that 8 has been doubled and multiplied by } (3 of 4) and to give partial 
summands of 19; the multiplication of 7 by 2} 3 is also effected in the Egyptian 
manner of multiplication, by repeated doubling, reading thus: 


2 
9h 4’ 
163 3 


This method of obtaining the product corresponds to the fact that any number 
can be written in the binary system; 7 is 111, meaning 1 X 2?+1X2+1, 
while 2} 3 is 10.011. 

There are several of these equations of the first degree appearing in the 
Ahmes manual. A symbol for the unknown quantity, ahau, is found while 
there are also symbols for addition, a pair of legs walking in the direction of the 
writing, and subtraction, legs reversed, as well as an approach to an equality sign. 

Other ancient Egyptian papyri contain simultaneous equations in two un- 
knowns, leading to pure quadratics involving the Pythagorean triad 3? + 4? = 5%. 
One of the problems concerns the division of an area of 100 square ells into two 
Squares whose sides have to each other the ratio of 3 to 4; in Euclid’s Data 
entirely similar problems are discussed from the geometrical standpoint. 
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The incomplete state of our knowledge of Egyptian mathematics is indicated 
by the fact that a statement on ancient authority concerning the names given 
to the higher powers up to the ninth power does not correspond to any Egyptian 
material as yet available; an interesting probability is the suggestion that this 
statement, made by Michael Psellus of the eleventh century, is to-be traced to 
Hypatia of Alexandria in her lost commentary on the arithmetic of Diophantos. 

Parenthetically let us note that the Egyptian system of unit fractions, which 
persisted in Europe three thousand years after the time of the Ahmes manual, 
frequently gives a convenient method for actual computation; thus ? of any 
number is more easily obtained as $+ 4 of the number than as % direct. 
The Egyptian method of multiplication by repeated doubling and the method 
of division by multiplication of the divisor to obtain the dividend are not actually 
as awkward as at first sight appears to be the case, particularly if the form of the 
numerals is taken into consideration. A consideration of these ancient methods 
will frequently suggest, even with our numerals, short cuts in computation 
processes. I mention these points to reémphasize the fact that it is essential 
in a serious attempt to evaluate the contributions to science of ancient peoples 
to guard against attributing to the ancient precursors of modern scientists a 
lack of real intellectual ability. 

The discussion in the Egyptian manual of arithmetical and geometrical 
progressions reveals an unexpected familiarity with rules which we now express 
by algebraical formulas, a familiarity which has not received adequate apprecia- 
tion. The essential points of the two formulas which we have for the nth term 
and the sum of the arithmetical series, a, a+ d, a+ 2d, a+ 3d, ---, appear 
from the problems to have been familiar to the Egyptians. Comparatively 
intricate problems are handled with the ease and intimacy born of long acquain- 
tance. 

The problem numbered 40 by Eisenlohr reads: “To distribute 100 loaves of 
bread among 5 people so that + of the (total of the) first three equals that of 
the last two. What is the difference?”” The solution shows that it is under- 
stood that the loaves are to be distributed in arithmetical progression. 

“Following instructions, the difference 53,” is the next somewhat cryptical 
suggestion of the manual; I hold that this reference implies definite rules of 
procedure in such problems, leading to the difference 53, if unity be taken as 
the first term, under the conditions proposed. Our common procedure, in 
analytical solution of this problem, leads to the result, d = 54a or d = 53 if 
ais1. Even if the method of arriving at this value for d be that of “false posi- 
tion” the procedure which, being adaptable to similar problems, arrives definitely 
and surely at the complete solution of the proposed problem must be regarded 
as scientific. 

From this point the solution follows the lines of previous problems. With 1 
as the first term and 5} as the difference the terms are 1, 63, 12, 174, and 23, 
having 60 as sum. To complete this to the required 100 loaves there must be 
added 40, or 3 of 60. After noting that this is the case there is added to each 
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of the numbers in the series found 3 of itself, giving 13, 103 4, 20, 29%, and 383 
as the series fulfilling the required conditions. 

A second problem involving an arithmetical series is entitled: “Instructions 
for the difference in distribution.” The solution opens with the phrase, “If 
you are told,” that was later adopted by Arabic mathematicians, and that is 
not uncommon even to-day. “If you are told, 10 measures of grain to 10 people 
so that the difference of each person as compared with the next one is } of a 
measure of grain. I take the mean, one measure. I subtract 1 from 10, leaving 
9. I take } of the difference, 3, and take it nine times. This gives } 7% 
which I add to the mean. From this take away } measure for each person in 
order to arrive at the goal. Following instructions: 1} 75, 14475, lids, 1A, 
problem as given by the Egyptian manual should be compared step by step 
with the solution by the ordinary procedure with the formulas of our elemen- 
tary algebra; the close correspondence is too striking to be regarded as wholly 
accidental. 

No one could ask, or even suspect, that the ancient Egyptians should have 
modern formulas with a literal symbolism, for this advance is not made in 
Europe until the end of the sixteenth century of the Christian Era. However 
the similarity in method is highly significant, revealing a development in analytical 
thinking that is not equaled for many centuries. In effect we have in these 
problems the first term of an arithmetical series regarded as a function of the 
common difference, under given conditions, and the last term as a function of 
the mean and the difference. This is real functional thinking whose like is 
hardly met again until Archimedes. 

The single illustration of a geometrical series confirms the implications of 
the solutions found in the problems involving arithmetical series. The text is 
extremely concise, and possibly mutilated: 


“A ladder 
1 2801 Scribe 7 
2 5602 Cat 49 
4 11204 Mouse 343 
Together 19607 Sheaf 2401 
Grain 16807 


together 19607.” 


At the right we have the summation of the series 7, 49, 343, 2401, and 16807 by 
actual addition; at the left we have the summation of the same series as 7(2801), 


the multiplication being effected in the usual manner. Now our formula for 
5 


the summation of this series gives 7 - ee 7 times 2801. 


Some three thousand years after Ahmes an Italian mathematician of promi- 
nence, Leonard of Pisa, includes in his arithmetic the same series with one further 
term. He effects the solution in precisely the two ways selected by his Egyptian 


) 

] 
33 
of 
of 
T- 
al 
of 
as 
in 

if 
Si- 
ly 
ed 

1 
3, 
be 
ch 


262 ALGEBRAICAL DEVELOPMENTS AMONG EGYPTIANS AND BABYLONIANS. 


predecessor. In India, too, powers of seven received special attention. The 
words, or illustrations, which accompany the numbers suggest the nursery 
rhyme concerning the old woman going to St. Ives. 

While the many other problems of the Ahmes papyrus do not bear as directly 
upon elementary algebra as the ones which have engaged our attention, yet 
they do present mathematical treatment of varied phases of human activity. 
Rules are given for obtaining areas and volumes, including the volume of a 
hemisphere. Thus the area of a circle is obtained by taking from the diameter 
4 of itself and squaring the result, an early method of squaring the circle. 


The formula, 
d\? 


gives the area as 0.790d’, instead of 0.785d’; the error is about {5 of one per 
cent. We have no reason to assume that the Egyptians did not recognize this 
as an approximation. Application is made of the rule in computing the cubical 
contents of cylindrical granaries. 

The weakest point mathematically in the Ahmes manual is the discussion 
of the areas of triangles and trapezoids as the leg of the figure appears to be used 
where the altitude is required. If these rules were found only in this place we 
would be justified, in view of the Egyptian renown in surveying, in assuming 
this error to be due to the writer of this school-book. However similar errors 
are reported in the discussion of areas in an inscription of about 237 B. C. on 
the temple walls at Edfu. It is difficult to reconcile these crude approximations 
with the precision of measurements found in the construction of the pyramids 
and with the use of a method for drawing similar figures corresponding to the 
use of cross-section paper. The authorities are not in full agreement concerning 
the interpretation of the texts in question. 

Other mathematical papyri, not as complete and detailed as the manual, 
confirm the methods of computation as given in this text. Certain papyri from 
Kahun, now in London and Berlin, are of great significance since they present 
a type of simultaneous quadratic equations. The solution involves the number 
relation, 3? + 4? = 5*, a relation which appears to have been used by Egyptian 
surveyors, technically termed “rope-stretchers,”.in the laying out of right angles. 
This application of analysis to mensuration is as unexpected as it is suggestive; 
it is worthy of imitation to-day. : 

The following is a typical one of these problems: 

“Another example of the distribution of a given area into squares. If you 
are told to distribute 100 square ells (units of area) over two squares so that the 
side of one shall be } of the other,’’ the relative sides are sought. One side is 
assumed to be unity and the other ? of unity. With this assumption the two 
areas total 7% instead of the required 100. The square root of 73 is $; the 
square root of 100 is 10, and 10 is to the required side as $ isto 1. Consequently 
the one side sought is 8, and the other side 6. The algebraical equivalent of 
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these equations is, evidently: 

fy=«. 
The six problems in Euclid’s Data which also lead to similar simultaneous quad- 
ratics should be compared with this problem. 

Egypt is, we may say, the birthplace of algebraical reasoning. Here we find 
first degree equations, simultaneous quadratics of a simple type, as well as some 
development in the formation of algebraical symbolism. In the computation 
of areas and volumes rules appear which are anticipations of modern formulas; 
in the discussion of arithmetical and geometrical series a high order of mathe- 
matical reasoning, considering the time of the work, is attained. Significant, too, 
is the fact that the Egyptians made the mathematics serve the life of the com- 


munity, the home, the farm, the shop, and also the state in many great engineer- 
ing enterprises. 


ALGEBRAICAL IDEAS IN BABYLON. 


Babylon in classical times was widely celebrated as the mother of astronomy 
and_ astrology, and the most recent researches confirm the ancient tradition. 
Aristotle suggested to some of his pupils that they should seek in Babylon ancient 
records of the movements of the stars. Pliny in his Natural History makes 
reference to a Chaldean authority in a discussion concerning a shadow being 
cast by Venus. Ptolemy, the geographer and astronomer, whose textbook on 
astronomy continued in active use for 1,500 years, quotes Babylonian records 
and mentions by name two Babylonian astronomers. The methods, the instru- 
ments, the terminology, and the observations of the Babylonians were all of 
direct service to the early astronomers of Greece, including the great Hysparchus. 

Astral-mythology and astral-religion, the cult and worship of the stars, 
doubtless had their origin in Babylon; astrological tablets appear in the third 
millenium B. C., scientific observations are recorded in the second millenium, 
but the highest development was probably not attained “until about 700 B. C. 
As the shepherds of Babylon watched their flocks by night, in the land where the 
stars are so wonderful in their beauty, the majestic march of the stars spoke 
plainly of an ordered universe. Hence it is natural that we can trace to Babylon 
the sun-dial, the signs of the zodiac, the astrolabe, the names of the planets, the 
division of the circle into degrees, minutes, and seconds, the day of twelve hours 
and the week of seven days, for all of these things connect naturally with the 
study of the stars. As the Greeks came into contact with Babylonian civiliza- 
tion, certainly as early as 600 B. C., astrological and astronomical ideas acquired 
a new meaning and received new emphasis, leading to a more intense interest 
in these subjects. Doubtless, too, the mysticism of numbers was suggested to 
Greece by the Orient. Through Greece then these ideas were transmitted to 
later peoples but the Oriental origin can not be denied. When we tell the time 
of day, and when we read an angle in degrees and minutes and seconds, we pay 
an unconscious tribute to the ancient Babylonians. 
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Concerning the number symbols and systems employed by the Babylonians 
we have relatively complete information. Two distinct systems, decimal and 
sexagesimal, seem to have flourished side by side, and three different schemes of 
representation, more or less closely connected, are found. The earliest system 
with ordinary cuneiform characters was apparently the decimal system as sym- 
bols for one and ten are fundamental in the three types of numerals. According 
to a principle which is almost universal the higher symbols precede the lower in 
the sense of the direction of the writing. In this decimal system there are sym- 
bols for 100 and 1,000 and 10,000, the latter two as 10, and ten times ten, respec- 
tively, times 100. 

The sexagesimal place system of recording numbers appears as early as 3000 
B. C., being found on tablets belonging to the period of the city kings. Up to 
60 the symbols are the same as in the decimal plan but 60 is represented by pre- 
cisely the same symbol as the unit; a second form of sexagesimal numerals (c. 
3200 B. C.) uses a half-circle D for a unit, and a circle for ten, a unit to the left 
of a circle represents 60, e. g., DOODD = 82. The place system was first found 
by Hincks, an Irish astronomer, on a tablet which gives the total portion of the 
moon’s surface which is illumined on each succeeding day from new moon to 
full moon. The moon’s surface is conceived as constituted of 240 equal parts; 
the series of numbers (in cuneiform characters) are as follows: 


5 10 20 40 1:20 
1: 36 1: 52 2:8 2:24 2:40 
2: 56 3:12 3: 28 3:44 4 


Interpreted this is that on the first five nights the portion illuminated increases 
in geometrical ratio from 5 parts to 80 parts, written in sexagesimal notation as 
1:20; during the following ten nights the portion illumined increases in arith- 
metical progression with a common difference of 16 parts out of 240. Convincing 
as this series of numbers with its interpretation is, definite acceptance of the 
remarkable discovery,of Hincks was not accorded until other documents con- 
firmed his ingenious solution. Such confirmation was soon brought by two tablets 
found in 1854 at Senkereh on the Euphrates by the English geologist W. K. 
Loftus. These tablets give in the same system of notation the squares of all 
integers from 1 to 59 and the cubes as far as 32, a portion being missing. 

Later researches, notably those conducted under the leadership of Professor 
H. K. Hilprecht, formerly of the University of Pennsylvania, have brought to 
light Babylonian multiplication tables and tables of measures. The astronomical 
researches of Strassmaier, Epping, and Kugler have revealed the extension of 
the system in the fourth or fifth century B. C. to include a zero symbol, some- 
what similar in use to the use of the letter o by Ptolemy to indicate a vacant 
place when writing series of sexagesimal fractions. 

Originally the moon tablet of Hincks and the tablets of Senkereh were of 
prime importance as establishing definitely the use of the sexagesimal system of 
recording numbers. With this system established by hundreds of other tablets 
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these early documents retain their importance as establishing a definite interest 
on the part of the Babylonians in arithmetical and geometrical series as early as 
700 B. C. and in square and cubic numbers. It is related by Iamblichus and 
Porphyry that Pythagoras took the harmonical progression from the Baby- 
lonians, but these tablets are the only evidence we have of Babylonian interest 
in series. Proclus, whose historical accuracy is usually not disputed, mentions 
that the Babylonians were the first to note that six equilateral triangles com- 
pletely fill the space about a point, but again Babylonian documents to confirm 
the point are not available. 

The contemplation of arithmetical and geometrical series is the most natural 
and inevitable development of the exercise of the reasoning faculty. Considera- 
tion of the number sequence 1, 2, 3, 4, 5, 6, --+ naturally leads to the sequence 
1, 3, 5, 7, 9, «+» and such sequences with a known common difference lead more 
or less naturally, among rational beings, to series in which a common difference 
is not known but which can be determined by some other condition which is 
imposed. Among the Greeks and Babylonians the arithmetical series led to 
the discussion of square and cubic numbers, and to the general subject of number 
theory, while with the Egyptians the fruit of this contemplation was problems 
and developments of the kind which we have set forth. 

This brief survey of algebraical developments among the Egyptians and 
Babylonians shows that much of the material which was developed and extended 
by Greek mathematicians originated, both in methods and in substance, with the 
scientists of the Orient. The writers of Greece did not hesitate to acknowledge 
the indebtedness of Greek mathematics to the mathematics of Egypt and 
Babylon, but nevertheless in recent years real scientific achievements have been 
denied as emanating from these civilizations. To measure the magnitude of the 
indebtedness is beyond our power, but to recognize the debt of modern mathe- 
matical science to the scientists of Egypt and Babylon is only to render that 
which is due. 


SOME CALCULUS SUGGESTIONS BY A STUDENT. 


By BrensamMin Granam, New York City. 


Instructors in the calculus are apt to find their own thorough knowledge of 
their subject somewhat of an obstacle to the complete understanding of their 
pupils’ difficulties. Where long experience has made everything equally clear, 
it is not easy to feel subjectively the varying degrees of obscurity that enshroud 
the course as it appears to the eyes of the beginner. Some interest may attach 
therefore to the following account by a student of his introduction to the calculus, 


1 This paper was prepared several months ago and submitted to the Monruaty by the author 


without the knowledge of his instructor. The editors were at once interested and would have 
been glad to present the paper to the readers of the MonTuty exactly as it came to them, but, 
owing to the inexperience of the author in writing for publication, it was found necessary to 
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including a detailed discussion of what appeared to him at the time to be a serious 
weakness in the development of the subject, and suggesting a possible remedy 
for this defect. 

Ours was a typical class in a typical large university, with an excellent instruc- 
tor and Osgood’s Calculus for a textbook. We sailed quite jauntily through the 
first semester, finding the theory of differentiation essentially simple and the 
reverse process of integrating the derivative a natural and even obvious sequel. 
What difficulty the poorer students experienced came chiefly from an insufficient 
knowledge of analytical geometry. 

It was with the definite integral that our troubles started, and it was due to 
this ingenious contrivance that they never afterwards ended. Instructors are 
by long familiarity so accustomed to regard the definite integral merely as a 
new development or division of the calculus that I wonder whether they realize 
what a logical catastrophe it precipitates in the mind of the inexperienced 
student. 

He has learned that differentiation seeks to discover the rate of change of a 
given function. Conversely, and in logical sequence, the integral is a function 
with a given rate of change. Suddenly he is confronted with an entirely new 
conception. The integrai is transformed into the limit of a sum—a notion which, 
as far as he can see, has absolutely no connection with any previous division of 
the subject. Connection of some sort is indeed established arbitrarily by the 
so-called fundamental theorem, which declares the new integral equal to the 
old. Although it had appeared in general that ours as an academic course aimed 
rather at rigor of theory than extensive practical application, we were shocked to 
observe that our textbook waived the proof of this vital proposition. To 
paraphrase Omar: 


“T must abjure the Rate of Change, I must, 
Lured by Summation Reckoning, ta’en on trust.” 


Our professor had some inkling of the disastrous consequences this complete 
change of viewpoint entailed, for he remarked apologetically that we were forced 
to “swap horses crossing a stream.’’ But I doubt whether he realized fully what 
hard going we found it on our new mount. In the first place, not only was the 
concept of a summation entirely foreign to us logically, but its very mechanical 
expression was cumbersome, unfamiliar, and repellent. Our experience with 
series had been confined to powers of x, and as we delved more deeply into 


revise it in order to put it into suitable form. After submitting it to two or three well-known 
professors of mathematics, all of whom recognized that this young man had hit upon a weak 
spot in the teaching of the calculus, but none of whom seemed willing to undertake a revision of 
the paper, the editors, by mere chance, referred it to the very instructor in question. He has 
taken it up with the author in personal conferences and by his assistance the author has been 
enabled to rewrite the paper in its present form. 

Strangely enough, two or three other papers have, during this time, been presented to the 
MonrTHLY proposing substitutes for, or modifications of, Duhamel’s theorem. From these the 
editors have selected the one by Professor Huntington, printed in this issue, as representing the 
best treatment. Doubtless many will find ‘food for thought” in these papers which may lead 
to contributions in the Department of Discussions. Ep1Tors. 
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problems involving the definite integral we became lost in a maze of letters and 
subscripts. 

This might be called a small matter, were it not that our awkwardness in 
handling summations produced one most unfortunate result, namely, that from 
the very start we failed to understand thoroughly the necessity for Duhamel’s 
Theorem. That is to say, most of us were unable to tell accurately which 
expressions could be summed directly or which needed an intermediary process 
to aid the integration. Of course, with this handicap to begin with, it was a 
foregone conclusion that the whole elaborate mechanism of Duhamel’s Theorem 
should ultimately prove an absolute mystery to most of us, and should be seen 
only in a glass darkly by our brightest stars. 

As may be imagined, these basic difficulties did not diminish with the advent 
of double and triple integrals. The net result of our cumulative bewilderments 
is easy to summarize. As for scientific rigor of theory, we had it not. The 
rank and file of the class solved problems as best they could by securing an 
approximate expression for an element and integrating it by the aid of Pierce’s 
Tables. We knew the answer was correct and perforce were content. Of that 
logical discipline which the Calculus is so eminently fitted to impart and which 
alone perhaps may justify its inclusion in a purely academic curriculum, there 
remained scarcely a vestige. 

This sad tale is entirely autobiographical. The writer feels entitled to 
speak authoritatively, not only because he learned of these mental reactions at 
first hand from his fellow students, but also because he experienced them largely 
himself. It was only by additional efforts that he finally mastered the theory 
of the definite integral—efforts inspired by a special interest in the subject and 
which the student cannot usually be expected to make. As his own original 
difficulties and those of his class remained very vividly in his mind, he was led 
to devise an entirely different method of attacking problems in the integral 
calculus, which he believed would simplify both the theory and the technique of 
solving problems by integration. 

The process suggested by Professor Bliss in the ANNALS OF MATHEMATICS 


‘in 1914 obviates to a great extent the technical complexity of Duhamel’s Theorem. 


But aside from the mechanical difficulties of the summation method, the writer 
feels that if the original rate-of-change conception were retained throughout the 
calculus the student would gain a more consistent and unified idea of the meaning 
of the subject as a whole. 

The solution of problems by use of the indefinite integral consists in finding 
an expression for the derivative—or rate of change—of the desired quantity, 
and then integrating this expression. The application of this method is limited 
by the fact that in most cases the derivative is not expressible as some function 
of the unknown variable, and hence is not in integrable form. The analogous 
difficulty of the definite integral, or summation, process—namely that the ele- 
ments cannot be summed directly—is surmounted by such artifices as Duhamel’s 
Theorem. The ensuing propositions aim to perform a like service for indefinite 
integrals. 
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All functions discussed are assumed to be continuous over the interval con- 
sidered and therefore have maximum and minimum values in each of such 
intervals. 

We will assume the following definitions in which y = f(z): 


(I) dy= (timit -dz, ay) y= 
THEOREM 1. If x, < < x, + Ag, then limit f(ax’) = f(ax). 


Proof. Let 2,’ =2,+A’x. Then < < + Az by hy- 
pothesis and 0 < A’x < Az. When Az = 0, | Az| can be made less than 
any assignable quantity, such as «. But when | Az| < ¢, then | A’z| < € since 
A’x is positive and < Az. Therefore, by definition of limit, limit A’x = 0, 


limit x,’ = limit f(ax’) = by definition of continuous 
Az 


THEOREM 2. If AQ = + where < xy, < 
then Q = f 


Proof. Q= en dx Definition (II) 


Ax 


Ara 


f by Theorem 1. 
Dropping subscripts, 


Q= 


THEOREM 3. Lemma.—A function, f(x), continuous in the interval (a, b) 
takes at least once every value comprised between f(a) and f(b) for a value of z 
comprised between a and b. 

This Theorem is proved in Goursat’s Cours d’ Analyse Mathématique, pp. 
162-3, and we shall therefore omit the demonstration here. 

A special case of Theorem 2 will be found useful in practice. 

THEeoREM 2a. If AQ = and Sf(ar’) S 
S S where and o(x,”) are minimum values, and 
f(ai2”) and o(2,."") are maximum values of these functions over the continuous 
interval x, < x2 < 2, + Az, then 


Q= 


Proof. f(ax’”’) Sf(xx') =f(x,2"). Then for some value of 2,’ in our interval, 


Sas by Theorem 3. 


‘ 
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But by hypothesis, 
2, zy", + Az. 


Similarly 
= + Az. 
Then by Theorem 2, 


Q= f 


By means of Theorems 2, or 2a, and 3 the problems usually treated by the 
summation process and Duhamel’s Theorem may be readily solved in rigorous 
fashion by the indefinite integral, 2. e., by finding the derivative of the required 
function and integrating it. The application of our method to a problem in- 
volving simple integrals will serve to make it clearer. 

We have selected the water-pressure example, since the solution here given 
can readily be compared with the current method as found, say, in Osgood’s 
Calculus, and with the simplified solution worked out by Professor Bliss in the 
above-mentioned article. 

Problem 1. To find the pressure of a liquid on a vertical wall. 

Solution. Let the wall be bounded as in the figure, the Y axis lying in the 
surface of the liquid. At the point 2;, let the abscissa suffer an increment Az. 
The area A; and the pressure P;, will take on corresponding increments AA 
and AP. 


xf 
Y 
7 
Aw 
x 
By physics, 
AP = wz,AA, (1) 


where w is the weight per unit of liquid and where 


From the figure y;’”Ar < AA < y'"Az, where y;’” and y,/” are respectively 
maximum and minimum ordinates of AA. 
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Let 
AA = 
Then 
< < (2) 
AP = (3) 


whence applying Theorem 2a to (1), (2) and (3), 
P= f waydx. 


By a simple process of generalization our theorems can be extended to apply 
to integrals of higher order. To save space we will dispense with the demonstra- 
tions and confine ourselves to an example of their application to a problem 
involving a double integral. 

Problem 2. To find the volume under a surface in cylindrical codrdinates. 

Solution. Let the equation of the surface be 


fle, 6). 


To the angle 6 = 6, add an increment A@. To the radius vector p = p; add 
an increment Ap. On the small area AA thus formed construct the increment of 
volume AV, in the form of a right cylinder but terminated by the given surface. 


Z . 


Let 
AV = 2,/AA. 


By geometry, 
Aé Aé 
2 2 
AA (p + Ap) Ps 
whence 


AA = +P) 


A 
p<pty<ptdp. (1) 


|| 
Oo 


dd 
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From the figure, 2;”AA < AV < 2;’”AA, where 2,;’” and z;,’’ are respectively 
maximum and minimum values of z in AV. 
Then 


(6 asap, (3) 


whence, applying the generalized form of Theorem 2a to (1), (2) and (8), 


The writer believes that the foregoing method could be used throughout 
the calculus, thus conserving the conception of the rate of change of a function 
as the basis of the entire subject. Most instructors would probably object to the 
elimination of the summation process on the ground that the latter is the most 
natural and vivid method of attacking practical problems. But is it not possible 
that the summation idea appears most natural to them only because they have 
been so long accustomed to it? To the beginner there is not very much logical 
clearness about the sudden jump from the inverted derivative notion to that of 
the integral as the limit of a sum. Certainly the former method presents no 
logical difficulties, and its retention throughout the calculus would at least add 
unity and consistency to the course. 

The engineer is supposed to solve all his problems by the summation process. 
But after all, his method consists merely of setting an integral sign before the 
approximate value of a single element. Call this element an increment, and his 
integral reduces to the simple anti-derivative. For this intuitive process, the 
foregoing theorems would seem to provide a rigorous mathematical foundation. 


ON SETTING UP A DEFINITE INTEGRAL WITHOUT THE USE 
OF DUHAMELS THEOREM. 


By Epwarp V. Huntineton, Harvard University. 


The purpose of this note is to state a simple theorem by means of which the 
ordinary process of “setting up an integral” may be simplified and made entirely 
rigorous without the use of Duhamel’s Theorem or any of its modern substitutes. 
In view of the fundamental importance of the process of setting up an integral, 
it is hoped that such a simplification may be of value in both pure and applied 
mathematics. 

To fix our ideas, let us take the familiar problem of finding the total attrac- 


1 This note contains the substance of two papers presented to the American Mathematical 
Society, April 29 and September 5, 1916, under the titles: (1) A simple example of the failure 
of Duhamel’s Theorem, and (2) A-simple substitute for Duhamel’s Theorem. 
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tion, P, due to a thin rod, of length 6 — a, at a point O in line with the rod and 
at distance a from the nearer end. Suppose the linear density, p, of the rod to 
be variable, say p = f(x), where f(x) may be any function of x which is known 
for all values of z from x = atox = 0b. Also, let the law of attraction be taken 
in the general form, that is, suppose the attraction due to a particle to be pro- 
portional to F(x) times the mass of the particle, where F(x) may be any function 
of the distance x which is known from z = atoxz = b. [If the ordinary Newton- 
ian law of the inverse square is adopted, then of course F(x) = 1/2°.] 

Now what is it that we actually do when we solve such a problem in practice? 
The actual steps are somewhat as follows: 

First, we think of the rod as divided into small “elements,” dz, where 
dx = (b — a)/n, and proceed to write down the attraction due to a typical 
element, say from x= x to x= x-+ dz. Thus, the mass of the element is 


seen to be 
f(a)dzx 


(at least approximately) ;! hence, the attraction at the point 0 due to the element 
is 


kF (ax) f(x)dx 


(at least approximately),? where k is a factor of proportionality. 

Next, having thus found the attraction due to a typical single element (at 
least approximately), we get the total attraction, P, due to all the elements, by 
simply writing an integral sign (with suitable limits) in front; thus: 


P= f 


and in spite of the approximations used in setting up the integral, we feel assured 
that this final expression for P is exact. 

Finally, we compute the value of this expression (whenever the law of attrac- 
tion and the law of density are known), by the aid of a table of integrals or 
otherwise. 

This is the simple, uncritical process of integration regarded as a method of 
summation. It is the process which is used probably more often than any other 
in the applications of the calculus. 

The question that now presents itself is this: Under what conditions can this 
crude process be counted on to yield the correct result? Or, to put it in another 
way: Under what circumstances, if any, may the method be doubtful or even 
dangerous? 

A sufficiently general answer to this question is exceedingly simple. Referring 
to our illustrative problem, the naive procedure just described will certainly be 
legitimate in the following case at least, namely, whenever the functions f(x) and F(z) 


1 This would be exact if the density throughout the element were the same as at its nearer end. 
2 This would be exact if all the attracting material in the element were concentrated at its 
nearer end. 
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are continuous. It is not necessary to consider any questions of “infinitesimals 
of higher order,” or any questions of “uniformity”; the simple continuity of 
the two functions is sufficient. 

Stated in more general terms, we have, then, the following theorem, which 
appears to cover all or nearly all the cases that arise in practice: 

THEOREM. Suppose that a required quantity P is associated with a real interval, 
z=ato2z= b, in such a way that we are led to divide the interval into n small 
parts or “elements,” Az, and to regard P as the sum of n separate contributions, 
one from each element. Suppose also that a set of one or more functions, F(x), 
f(z), «++, can be found, such that, no matter what value of x is considered, and no 
matter how small Ax may be, the contribution from a typical element, x = x to 
a = «+ Az, can be expressed “approximately” (see note 1) in the form 


[F(a) f(x) Az. 
Then the required quantity P will be correctly given by the value of the definite integral 


f reve) -++] dz, 


whenever the functions F(x), f(x), «++ are continuous from x = atox = b. 

Note 1. The word “approximately” is here used in a technical sense, meaning 
that the exact value of the contribution in question lies between [F -f ---JAz and 
[F - f -+-JAz, where F, f, «++ are the smallest, and F, f, -++ the largest values of 
F(x), f(x), «++ in the element. 

1The proof, which follows entirely familiar lines, is easily given, as follows. Let p be the 
attraction due to the part of the rod from z = a to x = 2, and let Ap be the added attraction 


due to the little additional element from + = x to x =x-+ Az. Then Ap will certainly lie 
between two extremes, namely: 


kFfdc Ap = kFfaz, 


where F, f are the smallest, and F, f the largest values which F(x) and f(x) take on in the interval 
in question. But since F(x) and f(x) are continuous, each will take on at least once every value 
between its smallest and largest values in the interval; so that there will certainly exist values of 
z, say x’ and x”, in the interval from x = x to x = x + Az, for which 


Ap = kF(2’)f(x’’)Az, 
exactly. Now, keeping z fixed, divide through by Az, and let Az approach zero; then both 2’ 
and 2’ will be squeezed down toward z as a limit, while Ap/Az approaches dp/dz, so that we have, 
in the limit, 
dp/dx = kF(zx)f(z), whence, p= f kF (x)f(x)dz + C. 


To determine the constant of integration, we have only to notice that p = 0 when x = a, so that 


(the same value of the indefinite integral being used in each term). Finally, since P is the value 
of p when « = b, we have 


The proof is thus complete. 
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Note 2. In stating that P is to be regarded as the sum of n separate contribu- 
tions, one from each element, we are assuming that P is the value, for z = }, 
of some function, p(x), which has a definite value for each value of x from x = a 
to x= b. It is not necessary to assume in advance that p(x) is continuous, 
although it will, in fact, always be so whenever the other conditions of the theorem 
are satisfied. 

Note 3. By an obvious modification, the theorem can be made to cover the 
case where the product [F(x) f(x) ---] is replaced by any continuous combination 
of continuous functions. 

With the statement of this theorem the main purpose of the present note is 
completed. 

There are, however, a number of recent textbooks, notably Professor Osgood’s 
Calculus, in which the process of setting up an integral as the limit of a sum is 
held to require, for complete rigor, the use of an auxiliary theorem known as 
Duhamel’s Theorem. 

In view of the simplicity and scope of the theorem proved above, the use of 
any auxiliary theorem such as Duhamel’s would appear to be a superfluous 
complication. Moreover, Duhamel’s Theorem in its ordinary form is known to 
be false.! Since the examples which have been adduced to prove this latter 
statement are rather complicated, the following simpler example may be of 
interest. 

Duhamel’s theorem in the primitive form in which it still appears in the 
textbooks, is as follows: 

If a1, a2, +++ a, are a set of positive infinitesimals such that 


+ a2 + + an] A; 


and if (1, Be, «++ Bz are a second set of positive infinitesimals such that each 
8 differs from the corresponding a@ by an infinitesimal of higher order, so that 
limn=e [8:/a;] = 1; then 


[81 + + +++ + Bn] = A 


As our example, let a; = 3/n, and B; = (8n + 2z)/n?, where i = 1, 2, 
Then limps. [a1-+ a2+ + an] = 3; moreover, for any particular 1%, 
limps = [1 + (22)/(38n)] = 1. The conditions of the theorem are 
therefore fulfilled, and according to the conclusion of the theorem, therefore, 
we should have limp. [8: + Be +--+: + Ba] = 3. In fact, however, we have 
Bit B+ 34+ +24 + = 3+ (n+ 1)/n, so that 
limn-« (61 + Be + Bn] = 4. 


1 For a critical discussion of this theorem, see W. F. Osgood, “The integral as the limit of a 
sum and a theorem of Duhamel’s,” Annals of Mathematics, Ser. 2, Vol. 4 (1903), pp. 161-178; 
R. L. Moore, “On Duhamel’s theorem,” ibid., Vol. 13 (1912), pp. 161-166; G. A. Bliss, “A sub- 
stitute for Duhamel’s Theorem,” ibid., Vol. 16 (1914), pp. 45-49. Further references may be 
found in the first of these papers. The present note is closely related to the third. 
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In view of this or similar examples,’ it is clear that if Duhamel’s Theorem is 
to be used at all, as a means of securing rigor, it must be taken in a modified 
form; interesting revised forms have in fact been proposed by Professors Osgood, 
R. L. Moore, and Bliss (loc. cit.); but, while these new forms leave nothing to be 
desired in point of rigor, none of them, as far as I know, has proved to be suffi- 
ciently simple to warrant its adoption in an elementary textbook.? The simplest 
plan to pursue in a first course in the calculus would therefore appear to be to 
omit Duhamel’s Theorem altogether, substituting for it some such theorem as 
that suggested in the present paper. 


BOOK REVIEWS. 
SEND ALL COMMUNICATIONS TO W. H. Bussgy, University of Minnesota. 


Ruler and Compasses. By Hitpa P. Hupson. Longmans, Green and Com- 
pany, London and New York, 1916. 143 pages. 

This new volume of Longmans’ Modern Mathematical Series is an attempt 
to collect from many sources solutions of problems and discussions of methods 
in which the Euclidean ruler and compasses are used as instruments; and to 
present them as part of a well-ordered development of the theory of such con- 
structions. According to the author “the connecting link throughout the book 
is the idea of the whole set of ruler and compass constructions, its extent, its 
limitations, and its division.” 

The reader will require no more advanced mathematics than college algebra 
and elementary analytic geometry, although a knowledge of projective geometry 
and of the theory of equations in general will be helpful. The development of 
the theme is carefully carried out and there are no breaks in the logic, although 
in one or two places the author quotes a theorem which is developed later. 
This may prove a bit annoying to the reader with a minimum of preparation, 
but otherwise it is not a serious fault. 

The subject matter of the text is presented as a whole in the introduction, 
which is rather well written, although it presupposes at times a rather full 
acquaintance with the material which is developed later. In Chapter II the 
criteria 9f possibility for ruler and compass constructions are established from 
the analytical point of view with the aid of a number of propositions from the 
elementary theory of equations. The chapter is divided into three parts; first, 
the constructions in which the ruler alone suffices, second, those in which the 
ruler and Euclidean compasses are required, and third, the construction of 
regular polygons of n sides. The cases in which n is a prime and n is composite 


1 During the discussion of this paper at the meeting of the Society, Professor D. Jackson 
suggested the following even simpler example: a; = 1/n when i =7n/2, a; = 0 when 7 > n/2; 
8; = I/n. 

2 Even in Professor Osgood’s own text (1907, revised edition 1909), the original (incorrect) 
form of Duhamel’s theorem is retained, without comment. Professor Osgood’s reasons for so 
doing may be found in his article of 1903 (loc. cit.). 
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are discussed in the classical way and Richmond’s construction for the polygon 
of 17 sides is given asan example. In the third chapter the question of construc- 
tions to be carried out by ruler alone is developed in detail with the separation of 
projective and metrical properties. Mathew’s Projective Geometry is drawn upon 
extensively for the discussion of homography and its special case of involution to 
establish the constructions. The relation of the infinity locus to metrical con- 
structions is unusually well presented. 

In Chapter IV the fundamental theorem concerning the possibility of solution 
of a quadratic equation with the aid of ruler and compasses is established, two 
solutions being given, and, from the discussion of a pencil of conics projected 
from a circle through four points, a construction for the common points of pro- 
jective point rows superposed on a line is obtained. A second division of this 
chapter treats of modern instruments, including dividers, Hilbert’s Einheits- 
dreher, the parallel ruler, and the set-square. In Chapter V standard methods 
of attack for various problems are discussed. No pretense is made at developing 
a general method for all problems, but the data in any given case are used to 
point toward one of seven listed methods of solution. This is in some respects 
the best organized chapter of the book. In Chapter VI the methods just indi- 
cated are compared, especially as regards constructions to be accomplished in a 
limited space or with a minimum number of operations. The two concluding 
chapters are concerned with effecting all ruler and compass constructions with 
one fixed circle and ruler only, or with compasses only. They may be regarded 
as addenda to the preceding discussion, inasmuch as they are not necessary to its 
development. In the chapter on compasses only, the results of Mascheroni and 
Adler have been compared and several solutions by the methods of each given 
as examples. 

On the whole, the teacher of analytic or projective geometry or of college 
algebra will find this a valuable source-book for many illustrative problems. 
Its development of fundamental theorems of projective geometry for the general 
conic starting from properties of the circle is carried out in an interesting way. 
The sources of many theorems are carefully indicated and a fairly complete 
bibliography is given facing page 1. In the way of criticism, the reviewer 
believes that some of the section headings are misplaced and that many of them 
are not illuminating. The chapter on methods of solution is an exception to this 
criticism. 

B. M. Woops. 


Tue UNrversity or CALIFORNIA. 


A Treatise on the Circle and the Sphere. By Jutt1an LowExt Cooumnes, Assistant 
Professor of Mathematics in Harvard University. The Clarendon Press, 
Oxford, 1916. 604 pages. $6.75. 

Professor Coolidge has written a treatise on the circle and the sphere which 
may be considered as an encyclopedia of valuable information on this important 
subject. The successful compilation of known material of such an extent, and 
the incorporation of the results of his own notable investigations in this field, 
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in a uniform mold, could only be accomplished by a great amount of work and 
a full mastery of the subject by the author. The contents are too voluminous 
to be discussed in detail in a review of moderate size and scope. I shall therefore 
restrict myself, in the main, to some of the important features of the book and 
of the subject. 

The first chapter deals with the elementary geometry of the circle, in which 
inversion, mutually tangent circles, circles related to a triangle, the Brocard 
figures, concurrent and coaxial circles, are considered. Out of the almost in- 
numerable mass of propositions of the so-called modern geometry of the triangle 
and the circle, a great number of theorems have been selected and proved by the 
usual well-known means. ; 

This subject is continued in a second chapter by making use of cartesian and 
trilinear codrdinates and applying them to the nine-point circle, the Tucker 
circles, the Brocard circles, etc. 

Next, an important step forward is made by the introduction of tetracyclic 
codrdinates. Choosing any four mutually orthogonal circles not null as fixed, 
and any point P in the plane of these circles, the tetracyclic coérdinates 2, 22, 
23, 4, of P are defined as quantities proportional to the ratios of the powers of P 
to the radii of the corresponding circles. The codrdinates of any point P satisfy 
the identity 

xy + 2? + 237 + 22 = 0, 


are homogeneous, and do not all vanish simultaneously. The symbol (yz) 
stands for 


(yx) = + Yorte + + 


and (yx) = 0 is the equation of a circle. The coefficients (y) are called the 
codrdinates of the circle. If they satisfy the foregoing identity, the point (y) 
is called the vertex of the circle, which is then said to be null. The angle 6 
between two proper circles with the codrdinates (y) and (z) is defined by 


_ __(ya) 
cos = 


The conditions for orthogonality or tangency of the two circles are clearly 
(yz) = 0, and (yy)(zz) — (yz)?»= 0. A homogeneous algebraic equation, 
f(x1, %, 23, 24) = 0, in conjunction with the given identity, defines a cyclic 
curve. Thus, when f is a polynomial of the second degree, it represents, in 
general, a bicircular quartic. It goes without saying that the important relation 
between the tetracyclic plane and three-space is fully explained. For example, 
it is shown how a one-to-one correspondence may be established between the 
circles of the cartesian plane and the points of cartesian space. 

“The coérdinates of a circle in the cartesian plane may be interpreted as the 
coérdinates of a point in space whose polar plane with regard to a fundamental 


sphere cuts that sphere in a circle whose stereographic projection is the given 
circle.” 
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Again: “The homogeneous coérdinates (x) may be taken to represent a 
point in a three-dimensional space, which we shall assume has an elliptic type of 
measurement, the equation of the absolute quadric being 


(xa) = 0.” 


In Chapter VI, quite in analogy with the corresponding development in the 
tetracyclic plane, pentaspherical codrdinates and space are introduced and 
applied to the investigation of systems of spheres.' In both, the tetracyclic 
plane and the pentaspherical space, much use is made of the identity of Darboux 
and Frobenius between the codrdinates of any ten circles, or any twelve spheres, 
which plays a fundamental réle in the theory. 

At this point I should like to say that for one familiar with the essentials 
of tetracyclic and pentaspheric coérdinates there is, of course, no difficulty in 
following the author’s exposition of these systems. The beginner, however, we 
fear, will not have very smooth sailing, if he has not the help of a teacher, or 
some other source for consultation. The style of Darboux’s own presentation 
in Chapter VI, Vol. 1, of his Lecons sur la Théorte Générale des Surfaces, has not 
been surpassed, and also Bécher’s more explicit account in his Rethenentwicklungen 
der Potentialtheorie might have been successfully used as a model of clear exposi- 
tion. Reference should also be made to the fact that it was Darboux who first 
introduced pentaspherical codrdinates? for the investigation of certain curves 
and surfaces. 

In the following chapters, cyclides, circle-transformations, continuous groups 
of transformations, sphere transformations, Laguerre transformations, oriented 
circles and spheres, circles orthogonal to one sphere, circle-crosses, algebraic 
systems, and differential geometry of circle systems are discussed. A number of 
topics in this series contain some of the author’s own contributions to the 
geometry of circles and spheres. Oriented circles and spheres, based upon posi- 
tive and negative radii, and the direction of the normals make it possible to 
define uniquely the angle included by two circles, or two spheres, or a circle and 
‘a sphere. From a purely constructive standpoint Chapter III, dealing with 
famous problems, is of particular interest, and it was a happy thought of the 
author to pay special attention to these problems. The main portions of this 
chapter are presented in an admirable manner. It opens with Lemoine’s geo- 
metrographic criteria to which possibly too much prominence is given. They 
are hardly of any practical value, insofar as they do not indicate how to simplify 
a construction or how to make it more accurate.® 


1 The foundation for a general theory of spheres in n-space was laid by G. Schlumberger 
in his dissertation: Uber n-dimensionale lineare und quadratische Kugelsysteme (78 pages), Ziirich, 
1896. 

2 Sur une class remarquable de courbes et de surfaces, p. 135. Paris, 1873. See also reference 
given above. 

* See in this connection Konrad Nitz: “Beitrage zu einer Fehlertheorie der geometrischen 
Konstruktionen,” Zeitschrift fiir Mathematik und Physik, Vol. 53, pp. 1-37 (1906); also Em. 
Haentschel’s account in L’ Enseignement Mathématique, Vol. 9, pp. 45-51 (1907). 
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The author makes some remarks on the proofs of Steiner’s solution of 
Malfattis’ problem: “to construct three circles, each of which shall touch the 
other two, and two sides of a given triangle,” which are misleading. Coolidge 
says with reference to Hart’s proof: “There is a suspicion which naturally arises 
that, if the first discoverer of a proof had been of Steiner’s own nationality, less 
trouble would have been given to disparaging his work.” I doubt that there 
was any national feeling which induced criticism of Hart’s proof. In the first 
place, Steiner was a Swiss. In the second place, Steiner, the discoverer of 
inversion, undoubtedly used this principle in the solution of this and similar 
problems. Criticism was due solely to the demand that, in the proofs, the 
principles discovered and used by Steiner, which form the natural foundation 
for a discussion of these problems, should be followed. In fact, Pliicker, a 
German, who was not able to understand and appreciate Steiner’s powerful 
methods, made the insulting remark, in print, that Steiner presumably had no 
proof at all for his construction. As indicated above, Schréter’s remarks on 
Hart’s proof were, therefore, certainly dictated by purely scientific motives only. 

Malfattis’s problem has an equally famous counterpart in Apollonius’s 
problem: “To construct a circle tangent to three given circles.” Also the 
solution of this problem caused many controversies. Gergonne, whose solution 
is given, claimed that analytic methods were superior to synthetic methods, 
whereupon Poncelet! published a purely geometric solution. No reference is 
given to Poncelet in this connection. Fiedler’s cyclographic method of solving 
certain circle-problems is fully discussed. Here we see again, for example in the 
solution of Apollonius’s problem, that for certain classes of problems there are 
certain “natural” methods leading to their solutions. 

‘The general make-up and the typography of the book are excellent. In a 
number of places the author makes rather abrupt statements; for example, on 
page 130: “We distinguish the following types of circles: 


= (yz). 


(a) Proper circles (ax) + 0, tao + a1 + 0, ete.” 

Considered all in all, Coolidge’s treatise is a great and most up to date work 
of reference and important information on the theory of the circle and the sphere. 
It is indispensable for anyone who intends to take up this field as a student, or 
as an investigator. 


ARNOLD EMcH. 
University oF ILLINOIS. 


1 Traite des propriétés projéctives des figures, Vol. 1, pp. 186-148, Paris, 1865. Also Applica- 
tions d’analyse et de géométrie, Vol. 1, pp. 30-41 (1862). 
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FRERE GABRIEL MARIE. 


For forty years elementary mathematical texts issued under the auspices of 
the Institut des Fréres des Ecoles Chrétiennes have been widely used in France 
and Belgium. While no author’s name ever appeared on the title pages there 
was usually some such indication as “par F. J.,” “par F. 1. C.,” and “par F. G. M.” 
In recent years it has become generally known that “F.G.M.”? stood for Frére 
Gabriel Marie who was appointed Superior General of his Order in 1897.2 As 
a result of legislation in 1904 more than half of the 2,000 schools of the Order in 
France were closed during 1904-1906. Frére Gabriel Marie then continued his 
work in Lembecq-lez-Hal, Belgium. With the opening of the war he returned 
once more to Paris. There he died on October 25, 1916, in the eighty-second 
year of his age.* Of the many mathematical works which have come from his 
pen there are two which, even though of extraordinary interest, are almost 
unknown in America. [ refer to: (1) Ezercices de géométrie, of which the fifth 
edition was published in 1912 (4 supplementary pages in 1913), and (2) Ezercices 
de géométrie descriptive (fourth edition, 1909, 61 supplementary pages, 1912). 
Both of these works are well worth placing in every college library of the country, 
and few high-school teachers of mathematics could fail to find the first of them 
a veritable encyclopedia of interesting methods, solutions, and historical notes. 

Ezxercices de géométrie is a book of over 1,300 pages. In the first section of 
210 pages, methods for solving geometrical problems are discussed. On pages 
211-1259 we find detailed solutions of all the exercises in Eléments de Géométrie, 
parF.J. Throughout the work there is an immense amount of bibliographical 
and historical information. On account of the difficulties under which the last 
edition was published it contains a good many inaccuracies and misprints. 
These are very few, however, in comparison with innumerable accurately stated 
facts and references difficult of access in any other work. Indexes covering nearly 
40 pages render the volume most convenient as a work of reference. The only 
work in recent times to compare with it, is the one by Antoine Dalle.* 

Exercices de géométrie descriptive has similar characteristics. The most recent 
edition contains nearly 1,200 pages, with the solutions of all exercises in Eléments 
de géométrie descriptive avec de nombreux exercices, of the same series. 

In sending his recently published Manuel de Géométrie to the writer early in 
1916 Frére Gabriel Marie stated that he expected to end his career with this 
new edition of his first work which had been published forty years before. Never- 
theless within a month of his death yet another book had been added to the 
long list of his productions.® 


1As “F. I. C.” and “F. J.” occur on the title pages of the second and third editions of a 
work of which the fourth and fifth editions have ‘““F. G. M.’’ I hazard the guess that these also 
refer to Frére Gabriel Marie; the first indicating the Order in which he was a brother, the latter 
that he was a Jesuit. 

2 Cf. the article on “Institute of Brothers of Christian Schools” in The Catholic Encyclopedia, 
Vol. 8, New York, 1911. 

3 Cf. L’ Enseignement Mathématique, Novembre, 1916, XVIII® année, pp. 445-446. 

4 2000 théorémes et problémes de géométrie avec solutions. Namur, 1912. 8 + 825 pp. 

5 Manuel de mécanique. Paris, 1916. 482 pp. 
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It is with more than passing pleasure that I recall the fine courtesy, the 
generosity, the extreme modesiy and the enthusiasm exhibited by Frére Gabriel 
Marie in occasional correspondence during the past decade. 


R. C. ARCHIBALD. 
Brown UNIVERSITY, 


March 23, 1917. 


FIRST REGULAR MEETING OF THE IOWA SECTION. 


The first regular meeting of the Iowa Section of The Mathematical Association 
of America was held at Grinnell College, Grinnell, Iowa, on April 28, 1917, and 
the following program given: 

(1) “A unified course for Freshman mathematics:” by Professor R. B. 
McCuienon, Grinnell College. Leader of the discussion: Professor JULIA 
Cotritts, Iowa State College. 

(2) “The foundation of Freshman mathematics in technical schools:” 
by Dean E. W. Stanton, Iowa State College. In his absence, the paper was read 
by Professor Marta Roserts, Iowa State College. Leaders of the discussion: 
Professors J. F. Rertty, Iowa State University, and C. W. Emmons, Simpson 
College. 

(3) “Putting life into dry bones:” by Professor F. M. McGaw, Cornell 
College. Leaders of the discussion: Professors W. J. Rusk, Grinnell College, and 
W. E. Breck, Iowa State University. 

The following also took part in the discussions: Professors Weston, Trow- 
bridge, Stewart and Neff. All the papers were good and the discussions were to 
the point showing a keen interest in the sort of a program offered. The action 
at the business session in planning two meetings each year also indicates some- 
thing of the interest taken in the Iowa Section. The attendance included some 
twenty members of the Association and others who will become members in due 
course. 

The following officers were elected for the ensuing year: I. F. Nerr, Drake 
University, Chairman; R. B. McCuenon, Grinnell College, Vice-Chairman; 
W. E. Brcx, Iowa State University, Secretary. 

G. A. CHANEY, I. F. Nerr, 


Chairman, Secretary-Treasurer. 


THE ROCKY MOUNTAIN SECTION OF THE ASSOCIATION. 


In September, 1916, it was suggested to Dr. G. H. Light, of the University 
of Colorado, that a section of The Mathematical Association of America be formed 
to include the states of Wyoming and Colorado. The suggestion was acted upon 


and as a result a meeting was called at the University of Colorado on April 7, 
1917. 
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The meeting was a great success and the Rocky Mountain Section of the 
Association was formed with the following officers: C. B. Ridgaway, Professor of 
Mathematics, University of Wyoming, Chairman, C.C. VanNuys, Professor of 
Physics, Colorado School of Mines, Vice-Chairman. G. H. Light, Assistant 
Professor of Mathematics, University of Colorado, Secretary-Treasurer. 

Papers were presented by O. C. Lester, Professor of Physics, University of 
Colorado, on “The Solid Angle,” and Florian Cajori, Professor of Mathematics, 
Colorado College, on “Fluxions.” Discussion of these papers was general. 

There were twenty-one present at the meeting, fifteen of whom are already 
members of the Association and the others will join at once: C. B. Ripeaway, 
Professor of Mathematics, C. E. Stromaquist, Professor of Mathematics, J. C. 
FittErER, Professor of Civil Engineering, University of Wyoming; C. R. Burcer, 
Professor of Mathematics, G. E. F. SHerwoop, Assistant Professor of Mathe- 
matics, C. C. VanNouys, Professor of Physics, H. M. Showman, Assistant Pro- 
fessor of Civil Engineering, F. W. Lucut, Assistant Professor of Mechanical 
Engineering, W. J. Hazarp, Assistant Professor of Mechanical Engineering, 
Colorado School of Mines; S. L. Macpona.p, Professor of Mathematics, Colorado 
A. & M. College; G. W. Fintry, Professor of Mathematics, Colorado State 
Teacher’s College; FLortan Casonrt, Professor of Mathematics, Colorado College; 
W. H. Hi, Greeley High School; E. L. Brown, East Denver High School; 
I. M. DeLong, Professor of Mathematics, G. H. Licut, Assistant Professor of 
Mathematics, CLARIBEL KENDALL, Instructor in Mathematics, O. C. Lester, 
Professor of Physics, J. W. Wooprow, Assistant Professor of Physics, Dr. O. A. 
Ranpowpu, Instructor in Physics, C. E. Sperry, Assistant Professor of Mathe- 
matics, University of Colorado. 

G. H. Lieut, 
Secretary-Treasurer. 


THE KENTUCKY SECTION OF THE ASSOCIATION. 


The Mathematics Section of the Association of Kentucky Colleges and 
Universities (now the Kentucky Section of the Mathematical Association of 
America) was organized in April, 1909, and since then has met regularly twice a 
year. 

This organization has directed most of its attention to a consideration of 
problems peculiar to collegiate work, one result of which has been a tendency 
toward a standardization of the mathematical courses in the colleges of the 
state. 

Another feature of the work of this organization has been the consistent 
efforts put forth to strengthen and improve the teaching of mathematics in the 
high schools of the state. It was at first planned to work out a correlated course 
in mathematics for the high schools but this was later abandoned. In 1910 it was 
decided to test the degree of preparation of all students entering the colleges of 
the state by setting examinations covering algebra and plane and solid geometry. 
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The results of these examinations were collected for a number of years. The 
grades of the students of each preparatory school of the state were then averaged, 
and the results tabulated and sent to all of the schools concerned. In this way 
an appeal was made to the pride of the best schools, which led them, in a spirit 
of friendly rivalry, to compete for the places of honor, while it acted as a spur, 
though not in an offensive way, to those who did not show up well in the report. 
It was also possible by this means to point out the parts of the different subjects 
in which the students were most poorly prepared, and to make helpful suggestions 
in a friendly and coéperative spirit. This was accomplished through the medium 
of the Kentucky Educational Association. 

The pleasant social events connected with the meetings, the stimulating and 
helpful results of the pooling of ideas, and the inspiration of professional contact 
have led to the development of a fraternal spirit among the mathematicians of the 
state. 

When the Mathematical Association of America was organized, the Mathe- 
matics Section of the Association of Kentucky Colleges felt that, as it had been a 
pioneer organization in the collegiate field, it was in a peculiarly fortunate position 
to be immediately incorporated as a section of the national association. Ac- 
cordingly, application was made in May, 1916.1 Admission was granted in 
February of this year. 

The first meeting as a Section of the Mathematical Association of America 
(ninth annual meeting as an organization) was held at Berea College, Berea, Ky., 
May 11-12, 1917. 

Friday afternoon preceding the meeting was given over to entertainment 
features, including luncheon at Boone Tavern, horseback trip into the mountains, 
supper at the college dining hall. In the evening there was a business meeting, 
and the members were guests at a college faculty meeting. 

On Saturday morning there was a tour of inspection of college grounds and 
buildings, and attendance at the college chapel service, and luncheon at the home 
of Professor Phalen. 

Following is the program of the Friday meetings: 


Morning Session. 


Remarks by President of the Section. By Professor H. R. PHa.en, Berea 
College. 

“The status of mathematics.’ 
Kentucky. 

“The case against mathematics.” By Professor A. L. Ruoron, Georgetown 
College. 

“Demonstration of an equation balance.” By Professor E. L. RrEs, Uni- 
versity of Kentucky. 


By Professor J. M. Davis, University of 


1The delay in completing the arrangements for the admission of the Kentucky Section was 
due to an effort on the part of the Committee of the Association to make a combination with 
another state, which plan finally proved not to be feasible. Enprrors. 
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Afternoon Session. 


“ Pedagogical problems of the Freshman course.” By Professor P. P. Boyn, 
University of Kentucky. 

“The best mathematical library for one hundred dollars.” By Professor 
W. H. Garnett, Kentucky Wesleyan University. 

“Helmholtz’s theory of contraction.” By Professor H. H. Downie, 
University of Kentucky. 

“Three methods of presenting subject matter.” By Professor Henry Lioyp, 
Transylvania University. 

At each session the formal papers were followed by an open discussion. 

Those present at the meeting were: H. R. Phalen, J. N. Peck, J. Van Hook, 
Miss L. J. Ritscher, Miss E. C. DeBord, and Miss L. J. Harris, Berea College; 
A. L. Rhoton, Georgetown College; W. H. Garnett, Kentucky Wesleyan College; 
Henry Lloyd, Transylvania University; J. M. Davis, E. L. Rees, P. P. Boyd, 
and H. H. Downing, University of Kentucky. 

Not all of those in attendance are now members of the Association but all 
will be given an opportunity to join at once. 

The following officers were elected for the ensuing year: A. L. Ruoron, 
Chairman; H. H. Downing, Secretary-Treasurer. 

The next meeting will be held in December at Lexington, Ky. 

E. L. REEs, 
Secretary-Treasurer. 


FOURTH MEETING OF THE KANSAS SECTION. 


The fourth meeting of the Kansas Section of The Mathematical Association 
of America was held at the University of Kansas on Saturday, March 17. The 
Kansas Section is now following the plan of holding two meetings a year, one 
in November, at the time of the State Teachers’ Association and the other in 
March. The meeting was given over entirely to discussing college algebra, and 
the time proved too short for the following program: 

1. “The content of Freshman algebra:”’ Professor W. H. ANDREws, Kansas 
State Agricultural College. 

2. “Algebra courses for college Juniors and Seniors:” 

(a) For students preparing to teach: Professor U. G. Mircue.t, University 
of Kansas. 

(b) For students preparing to do research work: Professor W. H. Garrett, 
Baker University. 

(c) For students preparing to enter applied sciences: Professor A. R. Cra- 
THORNE, University of Illinois. 

These papers were followed by general discussion and a business session. 

The first topic, “The content of Freshman algebra,” is of special interest to 
Kansas Colleges just now because recent legislative action has brought it about 
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that a considerable part of next year’s freshman class will enter college with only 
one year of high school algebra, a larger number will have had a year and a half, 
while a few will offer two years of preparatory algebra. The second number re- 
ceived independent consideration from three distinct viewpoints and much in- 
terest was manifested in noting the topics common to all and the relative em- 
phasis placed upon them. The general discussion was enthusiastic and, in 
addition to covering points involved in the papers, raised the question of giving 
college students at some time in their course an acquaintance with building 
and loan investments and life insurance problems in so far as interest returns are 
concerned. 

The following persons were in attendance, representing ten colleges and 
universities and five high schools: (4) Members—W. H. Andrews, State Agri- 
cultural College, C. H. Ashton, University of Kansas, A. R. Crathorne, Univer- 
sity of Illinois, Lucy F. Dougherty, Kansas City High School, Elizabeth G. 
Flagg, Kansas City High School, W. H. Garrett, Baker University, Emma 
Hyde, Kansas City High School, S. Lefschetz, University of Kansas, Theodore 
Lindquist, State Normal School, Emporia, A. W. Larsen, University of Kansas, 
W. A. Luby, Polytechnic Institute, Kansas City, Mo., U. G. Mitchell, Univer- 
sity of Kansas, Mary W. Newson, Washburn College, B. L. Remick, State Agri- 
cultural College, J. A. G. Shirk, State Normal School, Pittsburg, E. B. Stouffer, 
University of Kansas, E. M. Stahl, Midland College, L. L. Steimley, University 
of Kansas, J. N. Van der Vries, University of Kansas, J. J. Wheeler, University of 
Kansas, Ella Woodyard, High School, Kansas City. (B) Non-members—O. W. 
Dueker, Friends University, Eleanora Harris, Hutchinson High School, Mary 
Lloyd, Atchison High School, Stella M. Olcott, Topeka High School. 

J. J. WHEELER, 
Secretary-Treasurer. 


THE SECOND REGULAR MEETING OF THE MINNESOTA SECTION. 


The second regular meeting of the Minnesota Section of the Mathematical 
Association of America was held at the University of Minnesota, Minneapolis, 
Minnesota, on Monday, April 9, 1917. There were 22 persons present including 
the following members of the Association: 

R. M. Barton, University of Minnesota, Minneapolis. 

George N. Bauer, University of Minnesota, Minneapolis. 

W. H. Bussey, University of Minnesota, Minneapolis. 

Edla M. Berger, St. Catherine’s College, St. Paul. 

Father William Earnshaw Etzel, College of St. Thomas, St. Paul. 

G. H. Hartwell, Hamline College, St. Paul. 

J.S. Mikesh, Hibbing Junior College, Hibbing. 

Clarence McCormick, University of Minnesota, Minneapolis. 

Sister M. Magna, O.S.B., St. Benedict’s College, St. Joseph. 

R. R. Shumway, University of Minnesota, Minneapolis. 
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H. L. Slobin, University of Minnesota, Minneapolis. 
A. L. Underhill, University of Minnesota, Minneapolis. 
Vera L. Wright, University of Minnesota, Minneapolis. 
And the following persons not yet members: 
J. B. Frear, University of Minnesota, Minneapolis. 
Orville A. George, University of Minnesota, Minneapolis. 
C. H. Gingrich, Carleton College, Northfield. 
Sister Mary John, St. Catherine’s College, St. Paul. 
Sister Patricia, St. Catherine’s College, St. Paul. 
Ella A. M. Thorp, University of Minnesota, Minneapolis. 
The program of the morning session consisted of a business meeting and the 
two following formal papers: 
1. The teaching of mathematics in the French high schools, colleges and universities. 
By Father William Earnshaw Etzel, College of St. Thomas, St. Paul. 
Father Etzel, for some years a teacher in France, very pleasantly and clearly 
outlined the mathematical curriculum for the high schools, colleges and uni- 
versities of France in arrangement and content, drawing frequent parallels and 
contrasts with the corresponding courses in this country, and he gave problems 
illustrative of the work in different years of the programs. 
2. The origin of mathematical induction. By Professor W. H. Bussey, University 
of Minnesota. 
This paper appeared in full in the May number of the MontnHty. 
The program of the afternoon session consisted of the following voluntary 
informal reports: 
1. Review of Cajori’s “Revised and enlarged edition of the history of mathematics.” 
By Professor R. R. Shumway, University of Minnesota. 


2. An extension of the problem of orthogonal trajectories of y = e?. By Professor 
C. H. Gingrich, Carleton College. 

3. The present status of mathematics in the junior colleges of the state. By Director 
J. S. Mikesh, Hibbing Junior College. 

4. Radial Curves. By Mr. O. A. George, University of Minnesota. 

5. A note on symbolic notation for circular functions and its application in trigo- 


nometric investigations. By Professor H. L. Slobin, University of Minne- 
sota. 
6. A note on infinite series. By Professor G. N. Bauer, University of Minnesota. 
R. M. Barton, 
Secretary pro tem. 
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PROBLEMS FOR SOLUTION. 
SEND ALL COMMUNICATIONS ABOUT PROBLEMS TO B. F. FrinxeEt, Springfield, Mo. 


ALGEBRA. 


483. Proposed by C. R. DUNCAN, Amherst College. 


Prove or disprove the following theorem: An infinite series, A: + 
is convergent or divergent according as 


lim An 
1 put An 


n—l 


484, Proposed by E. V. HUNTINGTON, Cambridge, Massachusetts. 


Show that 
ka + ke m+1*'m+2 m+k 
mmtl m+2 m+k 
for all positive integral values of m and k. Here 
_k _ k(k — 1) _ k(k — 1)(k — 2) 


This equation was suggested to the proposer by a professor of chemistry who wishes to make 
use of the equation, if correct, in an actual problem in bacteriology. 


GEOMETRY. 
516. Proposed by RB. M. MATHEWS, Riverside, California. 
Through the edges of a trihedral angle planes are passed orthogonal to the opposite faces. 
Prove them coaxial. 
517. Proposed by R. P. BAKER, University of Iowa. 
The coérdinates of the vertices of a regular icosahedron can be expressed rationally in terms of 


N5 - 4 and VP + Nb , that is, cos = and sin = . Prove (1) that the cosine only is sufficient; 


(2) that the irrationalities cannot be reduced further. (The theorem that they cannot be rational 
is proved in books on crystal theory.) 


CALCULUS. 


431. Proposed by J. W. LASLEY, University of North Carolina. 
Explain Bertrand’s fallacy: 


ir dr, 1=-1., 
432. Proposed by RB. P. BAKER, University of Iowa. 


The expressions 
x 


—(i+1) 
(a) 


and 


are formally equivalent for every integral value of 7. 
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MECHANICS. 
348. Proposed by ALTON L. MILLER, Ann Arbor, Michigan. 


If equilateral triangles be constructed on the sides of any triangle, their centers are the 
vertices of a new equilateral triangle. Show that the center of gravity of this new equilateral 
triangle coincides with the center of gravity of the original triangle. 


349. Proposed by S. A. COREY, Albia, Iowa. 


AQ pound weight is attached to a string which passes over a smooth fixed pulley. The other 
end of the string is fastened to and supports a smooth pulley P: of weight 1 pound, over which 
passes a second string to one end of which is attached a 3 pound weight, and the other end of 
which is attached to and supports another smooth pulley P: of weight 1 pound. Over the pulley 
P: passes a third string supporting weights, 2 pounds and 3} pounds. 

If the system is acted on by gravity alone show that the accelerations of the 9 pound weight, 
34 pound weight, and pulley P: are 0, 3g, and 4g, respectively. 

Determine the motion of the weights when pulleys are not smooth, that is, when friction 
is present. 


NUMBER THEORY. 
266. Proposed by J. L. RILEY, Tahlequah, Oklahoma. 
In how many ways can a given number be polygonal? 


267. Proposed by C. C. YEN, Tangshan, North China. 


A number theory function ¢(n) is defined for every positive integer n, and for every such 
number n, it satisfies the relation ¢(d:) + ¢(d2) + +++ + ¢(dr) =n. From this property 


alone show that 
on) =n (1-2) (1-5) (1-5); 


where 71, D2, Ds, ***, De are the different prime factors of n. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 
471. Proposed by E. T. BELL, University of Washington. 
n m 
If there is an infinite number of positive integers r for which the equation A a," = = bi? 


holds, where the a; and b; are given positive integers, prove that m = n, and that in some order 
the a; are identical with the };. 


472. Proposed by E. T. BELL, University of Washington. 
n m 
If a; and bs (« = 1, -++,n; 7 =1, «++, m) denote positive integers, and if a? = 
= j= 
for all odd positive integral values of r, prove that m = n, and that in some order the a; are 
identical with the b;. 
SoLuTion By Swirt, University of Vermont. 


As the proof which I shall give covers both these problems, I shall not treat them separately. 

Let a; be that a which is the largest of the a’s and let there be k a’s equal in value to a. 
Similarly b; is the largest b, and there are k’ b’s of the same value. (These exist since there is 
only a finite number of the a’s and of the b’s.) Now it is a well-known theorem that 


Lim Za;"/ka," = 1. 


Since there is an infinite number of positive integers r for which the given equations hold, we 
can find an r as large as we please for which they hold. For such an r, 2a; = kai’ + dka." and 
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bi" = k’by” + 8’k’bi", where 5 and 8’ can be made as small in absolute value as we please by 
taking r sufficiently large. Since the left-hand sides of these equations are equal, the right-hand 
sides must be equal also. Equating them we obtain 


= (1 + _ 
a" (1 + 8) +e) 


where ” is an infinitesimal. If, now, a; and b; are not equal we can make the right-hand side as 
small (or as large) as we please by taking r sufficiently large. This is impossible for the ratio 
k + k’ isa definite number. Consequently a: = bh, andk =k’. In each equation we may now 
subtract from each side the a’s and b’s proven equal and proceed as before to prove the largest 
remaining a’s and b’s to be equal in value and number. We may continue in this way until there 
are no a’s (or b’s) left, when the b’s (a’s) must also be exhausted. 


471 was also solved by C. F. Gummer and Frank Irwin. 


473. Proposed by J. I. GINSBURG, Student, Cooper Union, New York. 
Factor the expression + 2% 229 + + 70 4+ 25 + 1, 


SOLUTION By CLARIBEL KENDALL, University of Colorado. 


Multiplying the given expression by z® — 1, we obtain 2** — 1. This may be factored in 
the following way: 

First, consider 
(1) 1 = (45)? — 1 = (25 — 1) + + + + + 75 + 1) 

Next consider 

(2) — 1 = (27/8 — 1 = (2? — 1) + + + 2? + 1) 


The factors of z** — 1 must be the same in both (1) and (2). x — 1 occursin both. The prime 
factor z° + 25 + 2 + 23 + 2? ++ 2+ 1 in (2) must also be found in (1). It cannot be contained 
in the prime factor x‘ + 2* + 2? -+ 2+ 1 and hence must be found in the third factor. By 


division the factors of 


are found to be 
and 
— +4 — — gid — gid gilt — gil + — 28 4 — — 27 +1. 
Also variously solved by H. C. Fermster, Horace Otson, O. S. Apams, 


W. F. J. W. Batpwin, A. W. E. B. Escort, L. C. MATHEWSON, 
Capron, E. J. OGtEsBy, and the PROPOSER. 


GEOMETRY. 
493. Proposed by FLORENCE P. LEWIS, Goucher College, Baltimore, Md. 


Construct three circles each of which shall be tangent to the other two and to two sides of 
a given triangle. 


Note sy J. L. Cooper, Harvard University. 


It is always a pleasure to see this old friend. Few problems in elementary geometry have 
a longer or more distinguished pedigree. At least forty articles dealing with it were published 
in the nineteenth century and the twentieth is doing its share.!_ The history is briefly this. The 


1§m10n, Die Entwickelung der Elementargeometrie im XIX Jahrhundert, Leipzig, 1906, pp. 
147ff. 


3 

, 
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problem was first proposed and solved in 1803 by Malfatti, and is generally known by his name. 
A very beautiful construction was given by Steiner in 1826 with no proof, but the appended 
remark that this construction showed how powerful were the methods which the writer had 
developed.! Steiner’s construction served as a challenge to geometers, and many proofs were 
attempted. By far the simplest and most elegant was given in 1856 by Hart.2 The German 
mathematicians were ill pleased that the first good proof should be in English; perhaps they 
failed to appreciate the strategic significance of the fact that Hart was an Irishman. At any rate 
they objected that Hart had used methods unknown to Steiner.’ This criticism seems to us 
trivial. Steiner was a sly old fox, who probably knew a good deal more mathematics than he 
ever put on paper. For instance, there seems good reason to believe that he was familiar with 
inversion in a circle, though he did not give it as one of his working methods.‘ As for simplicity, 
one has but to compare Hart’s proof as given, let us say, in Casey’s Sequel to Euclid,® with the 
proof in Petersen’s little classic on geometrical constructions® to see how immeasurably superior 
the former is. Analytic determinations of the radii and points of contact of the circles have not 
been wanting; that given by Professor Gummer in the Montaty, Vol. XXIV, No. 3, being quite 
assimpleasany. On the other hand the Lemoine geometrographic numbers called for by Steiner’s 
construction can be reduced to the remarkably small proportions of Simplicity 66, Exactitude 42.’ 


502. Proposed by R. P. BAKER, University of Iowa. 


A designer of machinery requires a curve having the following properties: 

(1) A closed curve touching a given circle at two diametral points and enclosing it. 

(2) The sum of the three radii from the center of this circle to the curve which make with each 
other angles of 120° is constant. 

(3) The locus of a point which lies at some constant 
distance from the curve on its inner normal must be such 
that it is also the locus of a point fixed on a bar of some simple 
linkage. In estimating the value of the word “simple” 
pivoted bars are preferred to slides and the total number 
should be as small as possible. 

Condition (3) is needed to enable a cylinder to be ground 
accurately to the curve. 


So.LuTion By Tosras Indiana University. 


Let (Fig. 1) AOA’ be the diameter of contact and BOB’ 
a perpendicular diameter. I shall seek a continuous alge- 
braic curve symmetric with respect to the two diameters 
satisfying the conditions of the problem. If p = f(6) is the 
equation of the curve, f is a function with a period 7 in @ and 
consequently of the form 


(1) p 
where a is evidently the radius of the circle. If we stop at Fic. 1. 


the first term, we obtain the trivial solution of the circle 
itself, which evidently satisfies all the conditions of the problem. If we take two terms, 


(2) p =a-+csin’ 
we obtain a circular sextic whose cartesian equation is 
(3) (2? + y*)® = + by*)*, 


1“ Binige geometrische Betrachtungen,’’ Crelle, Vol. 1, 1826. 

* “Geometrical Investigation of Steiner’s Solution of Malfatti’s Problem,” Quarterly Journal 
of Mathematics, Vol. 1, 1856. 

* Crelle, Vol. LX XVII, 1874, p. 232. 

‘ Birzperaer, Ueber bizentrische Polygone, Leipzig, 1913, pp. 50ff. 

5 P, 149 in the first ed., Dublin, 1881. 

6 Fourth edition of the French translation, Méthodes et théories pour la résolution des problemes 
de constructions geometriques, Paris, 1908, pp. 103ff. 

7 Haaes, “Zur Konstruktion der Malfattiscen Kreise,” Zeitschrift fiir mathematische Unter- 
richt, Vol. XX XIX, 1908, p. 588. 
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whereb =a+c. We have here 
_ eb _ —2) 


and the maximum value for z occurs for p = #>. According as c = a/2, this maximum value 
really occurs, is coincident with A, or is imaginary. The three cases are illustrated in Fig. 1. 
That condition (2) is satisfied for the curve in question is easy to verify. Indeed, let p1, p2, ps 
be three radii inclined 120° to each other. Then 


pi + p2 + ps = 38a + sin 6 + sin? (0+ =) + sint (0 ] = 3a +3c = to, 

The angle ¢ which the normal makes with the radius vector has for tangent, p’/p, and 
p’ = 2csin@cos@. The curve can be constructed by points in the following manner. Let c be 
the point where the circle of radius c meets an arbitrary radius. Project C on OY in D, and back 
on the radiusinZ. Then OZ = c sin? 6 andif wecarry EP =a, 
the point P is on the curve. If we now draw at O a perpendic- YY 
ular to OP and carry ON = 2DE = 2c sin @ cos 0, then NP is 
the normal at P. K 

The linkage of Fig. 2 enables one to construct the locus of Q 
P as well as that of any point Q on its normal by a continuous 
motion. O, F, and G are fixed pivots)s OF =a. FG = GH O os 
= GH’ = 3c. Through H and H’ slides the bar HPH’ and GH’ 
is kept parallel to OY. The point P, intersection of OG with Fia. 2. 

HH’, describes the curve. 

In the second part of the linkage, FK is kept parallel to OX, ON is rigidly fixed at right angles 
to OG and K is a loose pivot, while N slides on ON. If, in the motion of the radius OG, K is 
describing OY, the bar NP is enveloping the evolute of the curve P and any point Q at a constant 
distance PQ = d will describe the locus sought in the problem. 


503. Proposed by J. W. CLAWSON, Ursinus College, Penn. 


If two points A and B invert with respect to a third point O as center of inversion into A’ 
and B’, the middle point of the segment AB inverts into the point other than O where the circle 
of Apollonius (the locus of a point P moving so that A’P/PB = A’O/OB’) cuts the circle OA’B. 


SoLtuTIon By Horace Otson, Chicago, Illinois. 


By elementary geometry it is evident that the line AB inverts into the circle passing through 
O, A’,and B’. Let C be the middle point of AB, and C’ the point into which it inverts. Draw the 
lines A’C’ and C’B’. Triangle ACO is similar to triangle C’A’O, and triangle BCO to triangle 
C’B’O. Hence, 


whence (since AC = CB) 
_ 
C’B’ B’O 


and the proposition is proved. 


‘Also solved by Frank Irwin and R. A. JoHNSON. 


CALCULUS. 
420. Proposed by W. J. GREENSTREET, Stroud, England. 


The join of the center of curvature of a curve to the origin is at an angle a to the initial line. 
Prove that with the usual notation, 
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SoLuTIOoN By Oscar S. Apams, Coast and Geodetic Survey, Washington, D. C. 


Let O be the origin; OT, the initial line; P,7, the tangent; PiP:2, the radius of curvature, p; 
OY, the perpendicular, p, from the origin on the tangent; and OY,, the perpendicular from the 
origin upon the normal. OP is the join of the center of curvature and the origin. 6 = y — x/2. 
Hence, dé/dy = 1. The equation of P,T is 


(1) p =xcosé+ ysin 

The equation of the consecutive tangent is 

(2) p + dp = x cos (6 + 50) + y sin (0 + 56). 
Hence, subtracting and passing to the limit, it appears that 


— xsin 6 + y cos 


is a straight line passing through the point of intersection of the two consecutive tangents (1) 
and (2). Also, since it is perpendicular to (1), it is the equation of the normal P;P2. 

Thus 

6 
Similar] 
imilarly 
os — y sin 0 

represents a straight line through the point of intersection of two consecutive positions of the line 
P,P; and perpendicular to P;P2, that is the line P2Y2. 

Thus, 


Hence, it follows that 
a=y-+ tan 


By differentiation with respect to y, 


or, finally, 


dy ‘dy ~ dy \dy 


But 


Hence, 


Substituting this value in the equation above, we obtain the required relation 


Also solved by Norman ANNING. 


YX 
a 
. 
dp 
dy 
2 
88-8) 
ay dp dp 
d dy “dy 
dy? 
dy 
dy 
dy 
+ (33) 
dy 


ne 
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421. Proposed by E. H. MOORE, The University of —— 
Given n continuous real-valued functions ¢,(z) g = 1, 2, ---, n) of the real variable z on 
the interval (01) and set exp. £ o(x) bn(Z) = Wer @, h =1,2,--+,n). Prove that the deter- 


minant | w,,| of the matrix (w,,) is always =0 and that it is > 0 if no two of the functions 
$1, ***, On are identically equal on (01). 


SoLuTion By C. F. Gummer, Kingston, Ont. 
(1) Proof that | wz, | = 0. 


won = lim where = 1/m 


and since | wa | is a continuous function of the w’s, it follows that 


| won| = | lim | = lim | | . 
Now 
| | = | ba(i/m) |; 


which, by the rule for a minor of a product matrix, is equal to (1/m") X the sum of the squares of 
the nth order determinants of the matrix (¢,(i/m))i=1, ... m. 


| | = 0. 


| | = lim | | = 
(2) The condition that | wy,| = 0. 
Suppose | w,,| = 0. Then there is a real linear relation 
=0 =1,2, +++, (A) 
g=1 


_—— by a, and adding, we have 


= 0. 
Hence, the integrand being continuous, 
La,¢,(x) = 0 on (01). (B) 


Conversely, if (B) is true, so is (A), and | w,,| =0. .*. the necessary and sufficient condition 
for the vanishing of | w,,| is that the ¢’s be linearly dependent, and the problem as stated is 
incorrect. (Consider for example the case ¢1 = 1, ¢2 = 2, ¢3 = 1+ 2.) 


MECHANICS. 


330. Proposed by PAUL CAPRON, U. S. Naval Academy. 


A Barker’s Mill operates under a head of h ft.; the linear speed of the orifices is u(f/s), the 
speed of the water relative to the orifices is v(f/s), the coefficient of discharge is c, so that 
v = c?(2gh + u?). Given that the work done by the water on the mill is u/g(v — u) ft. Ibs. per 
sec. per lb. of water used, find the values of u and v such that the water-power may be most 
economically used, and find what part of the power is so used. 


SOLUTION BY THE PROPOSER. 
It is required to make f(u) = u(c vk? + — u) a maximum. (k? = 2gh). 


f'(u) = = te + Qu = 0 


when c(u? + k? + u?) = 2u Vk? + or 4(1 — c2)(ut + = eke. 


L) 
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Whence, 


u(v—u) = (1 vi 


The available work is h ft. Ibs. per sec. per lb. of water used; the work utilized is 
=h(1 — vl — 


the proportion used is (1 — V1 — ¢). 
If we let c = sin a, we have u? = gh tan a tan a/2, v = 2u cos? a/2, and efficiency = vers a. 
331. Proposed by CLIFFORD N. MILLS, Brookings, S. Dakota. 


A cyclist is riding due west at a speed of 12 miles per hr., and the wind is at the same time 
blowing from the southeast with a speed of 54 miles per hour. If the cyclist carries a small flag, 
in what direction will this flag fly? At what speed would the cyclist need to ride if the flag is to 
fly due north? 


So.tution By B. J. Brown, Victor, Colo. 


The component of the wind north is 11~2/4 miles per hr., while that west is 11 12/4 miles 
per hr. The resistance offered to the machine traveling west is [12 — (11 ¥2/4)] and the re- 
action is toward the east. Hence the forces affecting the flag are [12 — (11 ~2/4)] toward east, 
and 11 2/4 toward north and the direction 0, which the resultant makes with the east-west line 
= are tan 11 2/(48 — 112) = 25° 36’ 55” N. of E. In order for the flag to fly due N. the 


rider must travel W. at rate of 11~2/4 miles per hr. Then he counteracts the resistance E. and 
only the component north is effective. 


Also solved by Paut Capron, W. J. THome, and G. W. HartwELt. 


NUMBER THEORY. 
236. Proposed by V. M. SPUNAR, Chicago, Illinois. 
Find integral values of x, y, z, such that 


yetre=O, 


Nore sy G. H. Line, University of Saskatchewan. 


The following proposition generalizes somewhat the solution of this problem which was 
given in the February, 1917, MonTHLy. 

TueoreM. If (1) a is any integer, (2) Ni, Ne are integers such that Ni-N2 = a? + 1, (8) 
z2=Ni-1,y=N2-1,2 =Ni+N2 —1 + 2a, then 


(I) w+y=(Nita-—1), 
(II) sytaty=a; = (Ni +a)? 
The solution given in the MonTuLy is the special case of this one in which 
a=nr+n+1. 


)’ 
cok? 1+ 
(k? + wu?) >) ( 
Hence, 
and 


ine 
the 


was 


(3) 
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248. Proposed by E. T. BELL, Seattle, Washington. 


If Uny2 = 4n41 — Un, With uo = 2, ui = 4, prove that the A., whose sides are uz — 1, Un, 
un + 1, has an integral area; also that all triangles, A, whose areas are integers, and whose sides 
are consecutive integers, are given by this process. Hence show that, as n increases, the area An 


approximates (13/4)u,2, and find the degree of approximation. 


SoLuTION By WiLL1AM Hoover, Columbus, Ohio. 
Integrating, 


Un = Ci(2 + VB)" + Cx(2 — ¥8)". (1) 
When n = 0, wo = 2, and when n = 1, u; = 4; then 

2=Ci+C:--- (2) 

4 = + V8) + — ¥8). (3) 
(2) and (3) give C1 = 1, C2 = 1; so (1) becomes 

Un = (2 + V3)" + (2 — V3)" (4) 


Taking u, as the second of three consecutive numbers, un — 1, un + 1 are the others, and the 
area 


An = + + (2 — + VB)" + (2 — — 2] 
= 4{(2 + V3)" + (2 — v3)"} + 463)" + (7 — (5) 


The expression under the radical sign must be shown to be a perfect square. For n = 1, 2, etc., 
this is the case. For the extreme case, 


lim A, = li 
+ +4 ) (2 + V3)" + (2 — v3)" 
= {(2 + V3)" + (2 — = 
249. Proposed by CLIFFORD N. MILLS, Brookings, S. Dakota. 


' A perfect number is a number which is equal to the sum of all its different divisors. In an 
old book on mathematics, the following method is given without proof for determining perfect 
numbers. The number 2*-!(2* — 1) is a perfect number, if 2" — 1 is a prime number. Prove 
the formula. 


Sotution By Mrs. ExizasetH Brown Davis, U. S. Naval Observatory, 
Washington, D. C. 


The sum of all the divisors of 2"—, including unity, is 


If 2" — 1 is prime, the sum of all the divisors of 2"-1(2" — 1) is equal to the sum of all the divisors 
of 2"-1, including unity, plus the product of the sum of these divisors into (2" — 1), plus 2"—. 
Hence, the sum of all the divisors of 


— 1) = 1 + — 1)(2"— 1) + 
= — 1 + — 1)(2" — 1) 
= 2" —1+ (21 — 1)(2*— 1) 


= 2"-1(2" — 1), 
Therefore, 2"-1(2" — 1) is a perfect number. Q. E. D. 


Also solved by H. N. Carteton, Exisan Swirr, J. H. Weaver, J. W. 
Bapwin, E. B. Escort, H. C. Fremsrer, and J. W. CLawson. 
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QUESTIONS AND DISCUSSIONS. 
SEND ALL communications To U. G. Mrrcneti, University of Kansas, Lawrence. 


DISCUSSIONS. 


I. SomE REFLECTIONS ON THE TEACHING OF MECHANICS, SUGGESTED BY PRo- 
Fessor E. V. HuntinetTon’s ArTICLE “A LoGIcAL SKELETON OF 
ELEMENTARY Dynamics.” 


By ALEXANDER Zrwet, University of Michigan. 


1. Even those who do not agree with Professor Huntington in all particulars, 
or even in his main idea, will readily admit that his article is a model of really 
serviceable pedagogical discussion. We have here a definite concrete scheme, 
carefully set out in its essential features, unassailable from the scientific point 
of view, and based on ripe experience in teaching. The question however 
remains whether Professor Huntington’s “skeleton”’ is the only admissible 
scheme for teaching mechanics, and if not, whether a better scheme can be devised. 

2. There is certainly something tempting and alluring in what seems to be 
our author’s main contention that to force as the active, aggressive, not to say 
vital, principle we should concede a “logical priority”? (whatever that may mean) 
over “inert,” “dead,” “passive” matter or mass. But we can hardly think of 
force otherwise than exerted by matter on matter, by one body on another body 
(dead or alive). As this point has been very ably discussed by Professor Hoskins 
it is here unnecessary to say more about it. It may suffice to say that in the 
“principle of force and acceleration”’ (p. 4) the idea of mass, here called particle, 
is presupposed. 

I wish to state explicitly that I do not object in the least to the statement 
and explanation of the fundamental principles of dynamics as given in section II 
(pp. 3-5). The question of the “logical priority of mass over force,” or vice 
versa, appears to me of slight importance, except for the fact that mass is a scalar 
and in so far more simple than the vector force. 

3. This brings me to the main objection that I have to the whole trend of 
Professor Huntington’s article: I believe that the vector idea should be empha- 
sized more strongly, and the fundamental theorems should be stated for three 
(not two) dimensions. It is true that in sections VI and VII three dimensions 
are used. But right after this, in section VIII (top of p. 14), we find the startling 
statement that “any set of forces acting on a rigid body can be ‘boiled down’ 
either to a single force, or else to a single couple.” Of course, the author had 
in mind the case of forces in a plane; but then a “rigid body” in a plane is, 
without further explanation, a rather artificial thing. 

The use of vectors simplifies the case of three dimensions very essentially. 
But this is not the only advantage. Professor Huntington complains of the 
difficulty that students find in the notion of acceleration and proposes a remedy 


1 See AMERICAN Monts y, Vol. 24, pp. 1-16. 
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(p. 2). But, however ingenious and striking the “snap shot’’ illustration, 
does it hit the vital point of the difficulty?—That the velocity in rectilinear 
motion may vary (and that is all the snap shots show) is hardly an unfamiliar 
notion to a junior in college who has studied the calculus. The difficulty arises 
only in curvilinear motion where velocity, and hence also acceleration, must be 
regarded as a vector. 

In the first paragraph of section IV, where this question is discussed, it 
would have been far better not to mention any axes of reference which “‘ remain 
fixed throughout the discussion.” ‘The formulae for tangential and normal 
acceleration are quite independent of any fixed axes of reference. 

In sections VI and VII the misleading statements “Work = Force X Dis- 
tance” and “Impulse = Force X Time,” which are as mischievous as statements 
like “Velocity = Space/Time,” etc., could be made correct by using vector 
notions. 

4. Professor Huntington seems to base his main argument in favor of the 
“logical priority” of force over mass on the tables of dimensions and units on 
pp. 15, 16. I must confess that the inspection of these tables does not convince 
me at all. Such tables are a nuisance, anyhow. They may have a place in an 
encyclopedic handbook; I do not like to see them in a textbook; the student 
should not be encouraged to consult them. 

But if we must have such tables, they should be arranged less artificially. 
The units of space and time should certainly come first, to be followed by those 
of velocity and acceleration. Then should come either mass and force or force 
and mass; and these can then both be used in defining momentum, kinetic energy, 
etc. It appears just as odd to me to say that momentum is force X time (by p. 
15) as that impulse is mass X velocity (p. 16), and similarly for work and 
energy. 

5. In the present state of science it would seem best, indeed necessary, to 
tell the student that both systems are in use, and that both are equally justifiable. 
It is a matter of personal opinion whether force or mass is regarded as more 
simple or more fundamental. Why not introduce both these notions from the 
beginning and use both? Is there really anything gained by always writing w/g 
instead of m? Why should we carefully avoid the use of the simple term mass 
after it has been introduced, and the simple symbol m, and use the more com- 
plicated symbol w/g and any number of terms such as matter, lump of matter, 
body, particle, and especially inertia (which is liable to suggest the objectionable 
force of inertia)? 

When a past-master in the art of devising sets of axioms takes the trouble 
to give an exposition of the fundamental dynamic concepts and theorems, we 
are surely greatly indebted to him; and the work cannot fail to be clarifying 
and stimulating. But it is certainly only fair to the student to let him know 
that the system of units here advocated is not used by a single writer on higher 
mechanics. 
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II. Mass anp Force 1n ELEMENTARY DyNAMICs. 
By Dunuam Jackson, Harvard University. 


In a series of articles published during the last few years, Professor Huntington 
has contended for the use of the equation 


F/F' = a/a’, 
instead of the equation 
ma = dF, 


as the fundamental equation of dynamics. A reader of his paper entitled “The 
logical skeleton of elementary dynamics,” recently published in the Montuty,! 
can scarcely question the correctness and adequacy of his treatment. Contro- 
versy can have to do only with matters of arrangement and emphasis, on which 
anyone may naturally have an opinion. It has been my peculiar privilege to 
discuss the subject informally with Professor Huntington at frequent intervals, 
and I may perhaps be allowed to acknowledge my indebtedness to him for a 
very great clarification of my own ideas, and at the same time to say a few words 
with regard to some of the points on which I have remained unconvinced. To 
novelty in the views presented I can make no claim; I offer them here merely 
for purposes of ready comparison. 

It is characteristic of Professor Huntington’s presentation that the notion 
of mass is subordinated to the notion of force, and is not merely assigned a secon- 
dary place at the beginning, but is regarded as of secondary importance through- 
out. It manifests itself as inertia, through the constant ratio F/a of the funda- 
mental equation, and can be measured in terms of standard weight. All that is 
needed for the solution of problems is contained in these two ideas. The reference 
of all measurements to fundamental units of force, length, and time, does away 
with the difficulties that arise when units of mass and units of force are used 
together in such a way that it is necessary to consider the relations between them. 
The whole approach to dynamical theory is extraordinarily simplified. 

It may seem that with this acknowledgement, discussion should stop. And 
yet, many teachers and students of mechanics feel that the whole story has not 
been told, that there was something more in the old idea of mass, which was 
altogether worth while when you understood it. Granted that it is best to 
begin with the equation in Professor Huntington’s form, and not to pile up 
difficulties at the threshold of the subject, there ought to come a time when 
you are ready to search the concept of mass for all that there is in it.2 The 
skeleton of elementary dynamics may have every bone in place, but, like other 


1 AMERICAN MatTuHematicaL Montaty, Vol. 24 (1917), pp. 1-16. See also references to 
controversial articles in Science, at the close of the paper. 

2 The writer, who has had occasion to teach an elementary course in mechanics for several 
years, has tried two or three times the experiment of using the equation F/F’ = a/a’ for perhaps 
the first three weeks of kinetics, and then introducing the equation ma = dF, with a discussion of 
units of force and mass; and he is at present disposed to think that any lost motion that results 
is more than compensated by the advantages of the arrangement. 


on 
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skeletons, it loses in richness of outline something of what it gains in trans- 
parency. So far as I can judge my own sentiments by introspection, the pleasure 
that I take in the use of the equation F = ma, with all its pounds and poundals, 
has nothing of pedantry about it; it is as genuine and healthy as that which 
belongs to the use of any improved tool in analysis. 

The study of mechanics in college serves two purposes. It leads to the 
solution of practical or conceivably practical problems, and it stimulates the 
imagination by an insight into the orderly working of the universe. Few students 
will ever have any “use” for any but the terrestrial applications of the general 
laws; but neither the historical development of the science nor its far-reaching 
significance can be understood without reference to the working of its laws 
among the heavenly bodies. While the equation F/F’ = a/a’ can with entire 
justification be taken as the fundamental one, there as elsewhere, still there is 
reason for regarding something else as equally fundamental at the same time. 

Two things are characteristic of material bodies throughout the universe. 
They are disposed to disturb other bodies, and they are reluctant to be disturbed 
by them. It is highly remarkable that each body, wherever it goes, and to 
whatever physical or chemical changes it is subjected, has a characteristic quantity 
invariably associated with it, which measures its power of attracting other bodies, 
in accordance with the law of universal gravitation. It is highly remarkable that 
each body has a quantity invariably associated with it which measures its inertia, 
in accordance with the equation F/F’ = a/a’.. Most remarkable of all, however, 
is the circumstance that for different bodies these two “body-constants”’ stand in 
an invariable relation to each other. Every material body has the property 
of attractiveness and the property of inertia, and these are somehow not two 
properties, but one. This, it seems to me, is the significance of the word mass 
—it is a name for the one fundamental property which manifests itself in two 
aspects. The equation F/F’ = a/a’ describes one aspect; the equation ma = Af 
describes one, implies the other, and asserts the essential identity of the two. 
The second equation, admittedly more difficult, is richer in content and more 
suggestive. Even to supplement the other by the statement that inertia is 
proportional to standard weight, does not produce quite the same effect, for it is 
more impressive to invoke the law of universal gravitation at the start than 
merely to observe that at a particular station on the earth’s surface different 
bodies fall with the same acceleration, and mention the general law only inci- 
dentally later. The idea of mass, and the equation containing it, are worthy 
of all the emphasis that it is possible to give them. 

The contention, sometimes advanced, that the idea of inertia is more funda- 
mental than the other part of the mass-concept, that without bringing in accelera- 
tion it is impossible to form any precise quantitative notion of mass at all, does 
not seem to me well sustained. Of course the first rough idea of a beam-balance 
for measuring mass in terms of its gravitational power has to be refined, but so 
does the naive conception of a spring-balance and a fixed frame of reference for 
measuring force and acceleration. There is no difficulty in either case if you are 
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not too critical; and if you are, the difficulties in either case are great, if not for 
the present insurmountable. The two are very much on a par. 

So far, nothing has been said about the interpretation of mass as quantity 
of matter. As Professor Huntington has insisted, this attribute can hardly be 
made the basis for a satisfactory definition of mass, for the purposes of dynamical 
theory. But as a bond between that theory, founded on suitable definitions, 
and the facts of every-day experience, it is undoubtedly important to recognize 
that mass is quantity of matter, so far as quantity of matter means anything 
at all, and this recognition adds very much to the significance of mass. Not 
only does a quart of water have twice the mass of a pint, but if you take a quart 
of water and compress it under great pressure, or boil it, or freeze it, or decompose 
it by electrolysis, it still has the same mass as before. The qualities of mass 
seem somehow inherent in the matter itself, inseparable from it when it is other- 
wise changed in almost every conceivable way. It is to be said that the primary 
appeal of the identification of mass with quantity of matter is perhaps cruder 
still: you measure mass on a beam-balance, and a beam-balance, in real life, 
is an instrument for finding out how much of a substance you have got. 

Leaving quantity of matter aside, we have made the concept of mass, funda- 
mental as it is, depend logically on the concept of force; for the latter enters 
both into the statement of the law of gravitation and into the statement of the 
law of inertia. But it is not to be granted that the former concept is even to this 
extent essentially a subordinate one. It is perfectly possible to introduce the 
two side by side. For the measurement of masses by means of a beam-balance 
does not necessarily involve the measurement of foree—quantitative determina- 
tion of the relative magnitudes of different forces—nor even the concept of force 
as a measurable quantity. If it seems necessary to make the measurement of 
mass depend on the existence of force as a physical agency, the difference is 
that force is recognizably homogeneous, and for that reason capable of inde- 
pendent measurement, while matter is not; quantity of force has just the a priori 
significance which it is hard to attach to quantity of matter. 

Finally, as to the choice of fundamental units for a systematic table, it is 
certainly allowable to start with mass, length, and time, and define force in terms 
of them, and then to define anything you please in terms of force, length, and 
time, and write its dimensions accordingly. The dimensions of work are FL, 
whether you remember the equation F = MLT~ or forget it or never had it to 
forget. There is a certain loss of formal simplicity in permitting a derived 
unit to act as deputy for a fundamental one, but it is not such a loss as to put 
any burden on the understanding; and it is merely a question whether it is 
worth while to make so slight a sacrifice for the sake of commemorating in the 
table the fact that the unit of force is derived from the unit of mass in practice. 
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III. APPROXIMATE CONSTRUCTION FOR AN ELLIPSE. 
By J. W. Brapsuaw, University of Michigan. 


In view of the approximate construction for an ellipse given by Mr. Richard 
Iwerson in the November number of the Monruaty, 1916, pp. 354-355, and 
discussed by Mr. Paul Capron in the number for February, 1917, pp. 90-93, 
readers of the MonTHLY may be interested in a few observations on other solu- 
tions of this problem. Several such have been published, to six of which I shall 
refer as French’s! first, second, and third, Richter’s,? Honey’s,*? and Clark’s* 
constructions. French’s first and third and Richter’s replace the quadrant of 
the ellipse by two circular arcs; French’s second, Honey’s, and Clark’s by three. 
In all of these the approximate quadrant passes through the ends of the axes 
and the circular arcs are tangent to each other where they meet. 

Two-are constructions of the quadrant. We may think of 
the two-arc approximation as arising from an alteration of the 
major and minor circles of curvature until they become tangent 
to each other. In Fig. 1 let 0A =a and OB=b be the , / x 
semi-axes of the ellipse, which for the sake of brevity of state- ota . 
ment we refer to codrdinate axes through its center. Let C; 
and C, be the centers of curvature for the points A and B; 
they lie on the perpendicular to the line AB through the point 
K = (a,b). Let p: and pe be the corresponding radii of 
curvature, and go» their altered values, and D; and D, 
the corresponding centers. The condition that the two arcs {, 
where they meet shall be tangent requires that the centers 
D, and Dz and the point of meeting M shall be collinear. The Fig. 1. 
right triangle OD,Dz2 gives 


(2 — b)? + (a — 01)? = (02 — 01)’, 


From this it is easy to show that the line D,D, is a tangent of the circle whose 


equation is 
— b\?2 —b\2 — b\? 


French’s first and third and Richter’s constructions use different tangents of 
this circle. The last named possesses the advantage that the point M lies on 
the true ellipse. The condition for this is that the line D,D, shall pass through 
the point K. We have then the following very simple statement for the con- 
struction of this approximation: 


Y 
B 


1 Thomas E. French, Engineering Drawing, pp. 53, 54. 

Otto Richter, Der Ellipsenreif, Zeitschrift fiir mathematischen und naturwissenschaftlichen 
Unterricht, Vol. 42 (1911), p. 583. 

’ Frederic R. Honey, ‘A Method of Constructing an Ellipse and Measuring the Curved 
Length,” Engineering News, April, 1907, p. 388. 

‘J. J. Clark, “A Method of Constructing an Approximate Ellipse with Three Radii,”’ 
Engineering News, Nov., 1911, p. 627. 
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From the point (a, b) draw that one of the two tangents of the fourth-quadrant 
circle of diameter a-b touching the axes which is farther from the origin. This 
tangent cuts the axes in the centers D, and Dz sought. 

While Richter’s construction yields the same approximation, its execution is 
less simple. 

Three-are Constructions of the Quadrant.—The three-arc constructions may 
be thought of as derived from three circles of curvature, the major, minor, and 
some intermediate one. There is considerable latitude in altering these so that 
the intermediate circle shall be tangent to the others. 
French’s second construction uses the major and minor circles 
of curvature without alteration, the radius of the intermediate 
Fr, circle being the mean proportional between a and ), Clark’s 

Z,A X uses the major circle, Honey’s alters both the major and the 
minor circles and uses the arithmetic mean between a and b 
as the radius of the intermediate circle. For most purposes a 
construction would seem best which alters all three circles, 
The following is suggested as typical: 

In Fig. 2 let E,E be some line between the lines CiC2 and 
D,D, of Fig. 1—e. g., the bisector of the angle formed by these 
lines. With a convenient radius—e. g., the mean proportional 
between a and b—lay off AF, and With and as 
centers and radii E,F, and E2F2 strike arcs intersecting in G. E,, G, and Ez are 
the desired centers and the radii are E,A, = and 

It would be difficult to give a categorical answer to the question, “ What 
criterion best measures the degree of approximation attained?” The purpose 
for which the curve is to be used would influence the choice of such a criterion. 
Four criteria suggest themselves to me: the total area between the curve and the 
approximation, the difference in length of the two curves, the maximum distance 
between corresponding points, where by corresponding points I mean those 
lying on a normal to the ellipse, the maximum angle between the tangents at 
corresponding points. Doubtless many others might be suggested. 


B K 


Fig. 2. 


A CorrecTIon BY P. J. DANIELL. 


To THE Eprrors: Will you oblige me by publishing this notice of an error in 
my paper on “ New Rules of Quadrature” in the March issue? 

Rule 3 is not new but was given by S. A. Corey, in the Monruty for June, 
1912, formula 25s. His error term is too large but mine was incorrect. In my 
paper should be read on page 112: 


= Zh), = + 2h’), 
— = — 42t + 30), 
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SECOND SUMMER MEETING OF THE ASSOCIATION. 


The second summer meeting of the Mathematical Association of America 
will be held at Adelbert College and Case School of Applied Science, Cleveland, 
Ohio, on Thursday and Friday, September 6-7, 1917. The meeting will be pre- 
ceded by that of the American Mathematical Society on September 4-5. A 
joint meeting of the two organizations will be held at 9 A. M. on Thursday 
morning at which Professor L. P. Eisenhart, of Princeton University, will give 
an address on the “Life and Work of Darboux.” 

On Wednesday evening there will be a joint dinner of the Association and the 
Society. 

The sessions of the Association will extend through Thursday and Friday, 
and the Program Committee, Professors L. S. Hulburt, E. J. Wilczynski, and C.S. 
Slichter, chairman, make the following preliminary announcement of topics to 
be discussed: 

(1) “Geometry for Juniors and Seniors.” By Professor E. B. STourrer, 
University of Kansas. Discussion led by Professors Frank Mor.ey, Johns 
Hopkins University, and L. W. Downe, University of Wisconsin. 

(2) “The Treatment of the Applications in College Courses in Mathematics.” 
By Professor L. C. Puant, Michigan Agricultural College. Discussion led by 
Professors W. B. Carver, Cornell University, and G. H. Line, University of 
Saskatchewan. 

(3) Presidential Retiring Address: “The Significance of Mathematics.” By 
Professor E. R. Heprick, University of Missouri. 

(4) “Organization and Work of Undergraduate Mathematical Clubs.” By 
Professor H. E. Hawkes, Columbia University. Discussion led by Professors 
R. C. Arncu1Bap, Brown University, and D. A. Rorurock, Indiana University. 

There will be important matters for the consideration of the Council and a 
business session of the Association. 

The Joint Committee on Arrangements, Professors F. N. Cole, W. D. Cairns, 
E.V. Huntington, A. D. Pitcher, D. T. Wilson, and T. M. Focke, Chairman, make 
the following preliminary announcement: 

The meetings will be held in Case School of Applied Science which is on 
Euclid Avenue about five miles from the center of the city, and may be reached 
by any Euclid Avenue car to 109th Street or East Boulevard. 

Luncheons, and possibly other meals, will be served at the Students’ Club of 
the Case School, which will be thrown open for the use of the members. The 
hotel headquarters will be at the Hotel Statler. Further details as to hotel 
rates, local excursions, etc., will be given in the final announcement. 

This is the only announcement of the meeting which will be made until the 
final program is mailed to all members about the middle of August. These will 
be mailed under second class postage (not forwardable) to the address of each 
member on the regular MonTHLy mailing list unless a different address is sent 
to the Secretary before August 10th. In sending a change of address, please 
state whether it is for this purpose only or also for mailing the September MonrTHLY. 
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REPORT OF THE COMMITTEE ON MEMBERSHIP. 


The Committee on Membership, Professor E. R. Hedrick, Chairman, had 
expected to a carry on a campaign among foreign countries in some of which the 
Association already has representative members, but the war has interfered with 
their plans. However, there are still many in this country engaged in the field 
of collegiate mathematics who have not yet cast in their influence with this for- 
ward movement. The slogan of the Association is to include in its membership 
every teacher of collegiate mathematics in the United States and Canada, and to 
make such membership worth while. Although the membership, now over eleven 
hundred, is by far the largest in any mathematical organization in this country, 
if not in the world, still there are many others who should be included and who 
doubtless will come in as soon as the importance of the matter is sufficiently 
understood by them. 

It is believed that the Mathematical Association of America is destined to 
hold as important a relationship to the teaching profession in the field of col- 
legiate mathematics as the American Bar Association and the American Medical 
Association now hold to the professions which they represent,—a relationship 
wherein membership is a mark of professional standing. 

It is probably true that every eligible non-member is known to some one or 
more of the present members, and that the most effective presentation to these 
non-members would be a personal appeal from one who speaks from experience, 
and hence, with assurance, of the aims and work of the Association. 

The Committee would, therefore, appeal to every member of the Association 
to act as a sub-committee of one for the purpose of reaching every non-member 
within your sphere of influence. Will you not by word of mouth or by personal 
letter present the claims of the Association to any such person whom you may 
know, and at the same time send the name and address to the Chairman, Pro- 
fessor E. R. Hedrick, Columbia, Missouri, who will see to it that a sample copy 
of the Monruty and an application blank are at once forwarded, the former 
directly to the prospective candidate for membership, the latter to you in order 
that you may endorse it and then transmit it as a second communication from 
you on the subject. You are likewise requested to use your influence in securing 
new institutional members. Special opportunity will be afforded for activities 
along both these lines at the many summer sessions throughout the country. 
In this way it should be possible to have a long list of new members to be acted 
on by the Council at the Cleveland meeting. 


SPECIAL NOTICE. 


There is a constant demand for back numbers of the Monta y, especially 
previous to 1905. The most pressing requests just now are from Sir Thomas 
Muir, former Superintendent of Education for the Province of Cape of Good 
Hope, South Africa, and from the University of Wisconsin library. For the 
latter are needed only the following: Vol. III December, Vol. IV July, and 
Vol. V March. Secretary Cairns will pay cash for these and others as the 
orders come in. Anyone who has back numbers for sale is requested to send an 
inventory of the same to the Secretary at once. 
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NOTES AND NEWS. 
Epirep sy D. A. Rorsrock, Indiana University, Bloomington, Ind. 


Dr. F. C. Ferry, dean of Williams College and professor of mathematics, has 
been elected president of Hamilton College. 


Professor R. G. D. RicHarpson and Assistant Professor C. H. Currier, of 
Brown University, will spend the summer at the University of Chicago in attend- 
ance upon the summer session. 


Dr. PauLine Sperry, of Smith College, will teach mathematics at the Uni- 
versity of California summer session. 


Dr. Henry BiumBerG, University of Nebraska, and Dr. G. A. PFEIFFER, 


Princeton University, have been elected associate editors of the Annals of 
Mathematics. 


Mr. WaLTER C. WriGHT, consulting actuary and accountant, died at his 
home in Medford, Mass., on April 23. He was a charter member of the 
Association. 


Professor Epwin B. ieee: of the department of mathematics at the 
Massachusetts Institute of Technology, has been made head of the department 
of Physics in the same institution. 


Professor W. E. Epinerton, of the University of New Mexico, has been ap- 
pointed instructor in mathematics at the University of Illinois. 


Dr. J. H. Weaver, head of the department of mathematics in the West 
Chester, Pennsylvania, High School, has been appointed instructor in mathe- 
matics at the United States Naval Academy at Annapolis. 


Dr. NATHAN ALTSCHILLER, instructor in mathematics at the University of 
Oklahoma, has been promoted to an assistant professorship. 


Miss Mary C. Surra, non-resident fellow of Brown University, resident at 
the University of Chicago, has been appointed instructor in mathematics at the 
Chicago Latin School. 


Professor FLorIAN Casori will spend the latter part of the summer in Chicago, 
engaged in historical research. He will then proceed to Cleveland to attend the 
meetings of the Society and the Association. 


Dr. H. R. Kinaston, lecturer in mathematics at the University of Manitoba, 
spent several weeks at the University of Chicago for reading and research after 
the close of the spring session at Winnipeg. 


Dr. W. L. Hart, Benjamin Peirce instructor at Harvard University, has 
joined the officers’ reserve training camp at Fort Sheridan. 

Miss Ftora LEStourGEoN, formerly instructor at Beaver College, Pennsyl- 
vania, has just received the doctorate at the University of Chicago. 


Mr. T. R. Hottcrorr has been appointed instructor in mathematics at 
Columbia University. 
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At Brown University Professor R. C. ARcHIBALD has been promoted to an 
associate professorship of pure mathematics. 


Assistant Professor J. F. Remiy has been promoted to an associate professor- 
ship of mathematics at the State University of Iowa. 

Professors R. C. ArcHIBALD, Brown University, F. Mortry, Johns Hopkins 
University and T. Levi-Crvrra, University of Padua, Italy, have been elected 
Fellows of the American Academy of Arts and Sciences. 

At the Massachusetts Institute of Technology, Dr. JosrpH Lipxa and Mr. 
F. B. Hrrcucock have been promoted from instructors to assistant professorships 
of mathematics. 

At Washington University Professor C. A. Waxpo has retired from active 
service, and Professor W. H. Rorver will attend the summer session at the 
University of Chicago. 

Mr. T. McN. Smmpson, Jr., for a number of years in charge of mathematics 
at Converse College, Spartenburg, S. C., has been appointed instructor in mathe- 
matics at the University of Texas. Mr. K. W. Lamson has been appointed in- 
structor in mathematics at Columbia University. Mr. Simpson and Mr. Lamson 
have just finished their work for the doctorate at the University of Chicago. 


The June issue of the Annals of Mathematics has appeared containing the 
following papers: “Fermat’s last theorem and the origin and nature of the theory 
of algebraic numbers,” by L. E. Dicxson; “The modified remainders obtained in 
finding the highest common factor of two polynomials,” by A. J. Pett and R. L. 
Gorpon; “Nomograms of adjustment,” by L. I. Hewes; “Closed algebraic 
correspondences,” by A. A. Bennett; “The intersections of a straight line and 
hyperquadric,” by J. L. Cootmnee; “The relation between the zeros of a solution 
of a linear homogeneous differential equation and those of its derivative,” by W. B. 
Fire; “Conjugate planar nets with equal invariants,” by L. P. ErsENHART. 
Beginning with the next volume, the Annals will be enlarged by 100 pages per 
volume, and will be in part supported by the Mathematical Association of 
America. The increase in the size of the volume will be devoted to historical and 
expository articles in so far as suitable material of this kind is available. The 
paper by Professor Dickson in the present issue is an important contribution 
along this line. 

The number of new subscribers to the Annals of Mathematics under the terms 
of cooperation with the Association is now (June 15) 338. The opportunity is 
still open at the half rate to members of the Association and to applicants for 
membership. 

The National Research Council, formed by the National Academy of Science 
at the request of the President of the United States, is intended to bring into 
co-operation governmental, educational, industrial, and other research organiza- 
tions, with the object of developing national resources and making them avail- 
able. The chairman of the Council is Dr. George E. Hale, formerly Director of 
the Yerkes Observatory. Committees have been appointed, eighteen in number, 
representing all the interests included in the work of the Council. The chairmen 
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of the committees representing mathematics and physics are Professors E. H. 
Moore and R. A. MILLIKan, respectively, both of the University of Chicago. 
Professor Millikan has been on duty in Washington for several months. 


The Transactions of the American Mathematical Society, Vol. 18, No. 2, con- 
tains the following papers: “Differential equations and implicit functions in 
infinitely many variables,” by W. L. Hart; “On the equivalence of écart and 
voisinage,’ by E. W. CairrenpEN; “On the theory of associative division al- 
gebra,” by Miss Orive C. Haziett; “The converse of the theorem concerning 
the division of a plane by an open curve,” by J. R. Kirne; “On the conformal 
mapping of curvilinear angles,” by G. A. Prerrrer; “Dynamical systems with 
two degrees of freedom,” by G. D. Brrxnorr. 


The Board of Trustees of the University of Chicago has voted to permit, upon 
recommendation by the head of a department, the attendance of doctors of 
philosophy of other universities as well as of the University of Chicago as guests 
of the University with the privilege of attending seminars and of carrying on 
research in the laboratories and libraries. For these privileges no charge will be 
made except for laboratory supplies and a nominal laboratory fee when labora- 
tory work is to be done. This plan will be in operation beginning the summer 
session 1917, and some doctors in the department of mathematics are already 
taking advantage of the opportunity. 


Twenty-seven members of the American Mathematical Society attended the 
regular meeting held at Columbia University on Saturday, April 28, at which 
twenty-six papers were presented. Professor L. P. E1iseNnHART was reélected a 
member of the editorial committee of the Transactions, and a special committee 
was appointed to make arrangements for the summer meeting of the Society at 
Cleveland, September 4-5, 1917. This will be the twenty-fourth summer meeting 
of the Society, and will be held at Adelbert College and Case School of Applied 
Science. The meeting will be followed by the second summer meeting of the 
Mathematical Association of America, on September 6-7. 


The following mathematical papers were presented at the February and 
March meetings of the Paris Academy of Sciences: “The theory of convergence of 
Fourier’s series,” by W. H. Youna; “A simple solution of Mathieu’s problem,” 
by M. Mesnacer; “Hyperfuchsian functions and systems of total differentia’ 
equations,” by G. Grraup; “Characteristic number and radius of curvature,’ 
by E. Corton; “ Left algebraic curves,” by R. bE BALLORE; “The approximate 
value of some definite integrals,” by M. Harny; “A new table of divisors of 
numbers,” by E. Leson; “The reduction of binary forms of any degree,” by 
G. Jut1a; “Hyperfuchsian functions” (second paper), by G. Grraup; “The 
Abelian sum of conical volumes,” by A. Bunt; “Deformable hyper-surfaces in a 
real Euclidean space of n > 3 dimensions,” by E. Bompiant; “Summation of 
ultra spherical sines,” by E. KoGBETLIANTZ. 


Professor A. R. CraTHORNE, of the University of Illinois, was the leading 


speaker at the mathematics section of the fourteenth annual conference of high 
schools of Kansas held at the University of Kansas on March 16,1917. The paper 
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by Professor CRATHORNE dealt with the plans of the Committee on Mathematical ~ 
Requirements of the Mathematical Association of America and of allied orga- — 
nizations, and was therefore of great interest to all members of the Kansas Sec- © 
tion of the Association. 


At the meeting of the Philosophical Society of Cambridge, February 5, the ~ 
following mathematical papers were presented: “The direct solution of the quad- — 


ratic and cubic binomial congruences with prime moduli,” by H. C. PocKLIneTon; ~ 


“The hydrodynamics of relativity,” by C. E. WEaTHERBURN; “The character of 4 


the electric potential in electromagnetics,” by R. HARGREAVES; “The fifth book ~ 


of Euclid’s elements,” by Dr. M. J. M. Hitt. 


The Teachers College Record, May, 1917, contains a very interesting and im- © 
portant discussion of “ Mathematics in the training for citizenship,” by Professor © 
Davip Evcene Smita. This is an address that was delivered before the faculty | 
of Teachers College, March 8, 1917. Professor Smith presents six very im- ~ 
portant reasons for the study of mathematics. These stated briefly are: (1) 
Mathematics is one of the small group of subjects that are linked up with a large 
number of branches of human knowledge; (2) it possesses a high value as a mental © 
discipline; (3) it enables every one to experience the “power of thought”; (4) ~ 
mathematics is one of the eternal verities; (5) it makes one conscious of his position 
in the universe about him; (6) its study gives humanity a religious sense that 
cannot be fully developed without it. 


One of the charter members of the Association, Mr. H. S. Carp, assistant 
professor of mathematics and physics in Lombard College, Galesburg, Illinois, is ~ 
now “doing his bit” as a sergeant in the First Regiment, U. S. Engineers. This — 
regiment is for the present stationed at Washington Barracks, D. C., having only ~ 
recently returned from service on the Mexican border. 

It is desired that all members of the Association who are serving their country ~ 
in connection with the war should be listed in this column of Notes and News. 
Special space will be devoted to this purpose in the September issue and it is 
hoped that all readers of the Montuty will take it upon themselves to report such ~ 
information to the news editor, Professor D. A. Roturock, Indiana University, 
Bloomington, Indiana. 


Professor KaRPINSKI writes that his statement in the January Monta ty with 
reference to the first appearance of the decimal point: “But all standard author- 
ities on this subject agree that the point or comma was first used by the German 
Pitiscus in the 1612 edition of his trigonometry,” might be replaced with more 
precision by the statement: “Such standard authorities as Cantor, Tropfke, and | 
D. E. Smith in his monograph on decimal fractions, mention explicitly the ap- ~ 
pearance in print of the decimal point in the Tables of the 1608 or 1612 edition ~ 
of the Trigonometry by Pitiscus. Smith cites the 1612 edition which is available 7 
in the New York Public Library; and the first of three references made by Cantor 
to the use of the point by Pitiscus (Vorlesungen iiber Geschichte der Mathematik, — 
Vol. II, second edition, 1900, p. 604; see also pages 619 and 733) cites only the — 
1612 edition, while the 1608 edition is cited in the other passages. 
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THE PRESENTATION OF THE NOTION OF FUNCTION. 
By JOSEF A. NYBERG, Princeton, N. J. 


In a previous article! I have shown how the work of the freshman year in 
colleges can be unified by presenting trigonometry, college algebra, and analytics 
from the point of view of the theory of functions. I argued further that, because 
the notion of functional independence is always considered somewhere in every 
one of the three courses, it would be advisable to treat it once for all at the very 
beginning of the year. Admitting this, I wish to show in the present article 
how the notion of function can be developed briefly, but so thoroughly that the 
student will think of it as something else besides axes, codrdinates, and curves, 
and so comprehensively that the work will be useful regardless of whether the 
course is trigonometry, algebra, or analytics. 

An examination of the textbooks shows that the usual procedure is about the 
following: (a) We have the explanation and illustration of the dependence of 
one variable upon another; (b) Denoting a value of one variable by x and of the 
other by y, we mark values of x and y on two perpendicular lines; (c) Assigning 
a value to x and computing the value of y, we determine a point in the plane, and 
the totality of these points defines a curve. Thereafter the student associates 
a curve with every equation in 2, y, but he is most likely to think that the equa- 
tion is a baptismal name of the curve. Another objection to this presentation 
is that codrdinates are introduced too early, and that consequently the emphasis 
falls on “the point on the curve” instead of on “the two points on the axes.” 
And further, after codrdinates have been introduced, the essential idea of the 
relation between the two variables, represented now by abscissas and ordinates, 
is neglected. 

The method I advocate aims to bring this idea of relationship between 
variables into the foreground. I would first present mathematics as a language 


1 The Unification of Freshman Mathematics, in this Monruty, April, 1916, page 101. 
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